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ABSTRACT

Evidence is presented that lateral dispersion on scales of 1–10 km in the stratified waters of the conti-
nental shelf may be significantly enhanced by stirring by small-scale geostrophic motions caused by patches
of mixed fluid adjusting in the aftermath of diapycnal mixing events. Dye-release experiments conducted
during the recent Coastal Mixing and Optics (CMO) experiment provide estimates of diapycnal and lateral
dispersion. Microstructure observations made during these experiments showed patchy turbulence on ver-
tical scales of 1–10 m and horizontal scales of a few hundred meters to a few kilometers. Momentum scaling
and a simple random walk formulation were used to estimate the effective lateral dispersion caused by
motions resulting from lateral adjustment following episodic mixing events. It is predicted that lateral
dispersion is largest when the scale of mixed patches is on the order of the internal Rossby radius of
deformation, which seems to have been the case for CMO. For parameter values relevant to CMO,
lower-bound estimates of the effective lateral diffusivity by this mechanism ranged from 0.1 to 1 m2 s�1.
Revised estimates after accounting for the possibility of long-lived motions were an order of magnitude
larger and ranged from 1 to 10 m2 s�1. The predicted dispersion is large enough to explain the observed
lateral dispersion in all four CMO dye-release experiments examined.

1. Introduction

As part of the Coastal Mixing and Optics (CMO)
experiment, five dye-release experiments were con-
ducted at middepths over the New England continental
shelf to study rates and mechanisms of diapycnal and
lateral mixing. The experiments took place over a 3-yr
period, 1995–97, all during late summer/early autumn.
Concurrent with the 1996 and 1997 dye studies, dissi-
pation rates of temperature variance and turbulent ki-
netic energy were also measured for the purpose of
making direct comparisons of diapycnal diffusivities in-
ferred from these two methods. Results from the dye
experiments are described in recent papers by Sunder-
meyer and Ledwell (2001, henceforth SL), and Ledwell
et al. (2004), and in some detail by Sundermeyer (1998).

Briefly, analysis of the growth of the patch of tracer in
the vertical and horizontal directions indicated that di-
apycnal diffusivities ranged over (0.1–1.0) � 10�5

m2 s�1 and isopycnal or lateral diffusivities ranged over
0.3–4.9 m2 s�1. Results from the microstructure mea-
surements, including estimates of diapycnal diffusivi-
ties, are discussed in a recent paper by Oakey and
Greenan (2004).

A major finding of SL is that a significant part of the
lateral dispersion observed during CMO could not be
explained by vertical shear dispersion or by lateral in-
trusions of different water masses. In some cases, the
observed lateral diffusivities were more than an order
of magnitude larger than could be explained by these
mechanisms. A similar result was found in a large-scale,
open-ocean tracer release experiment by Ledwell et al.
(1993, 1998). Specifically, they observed that lateral dis-
persion on scales of 1–10 km was approximately 40
times that predicted by internal wave shear dispersion.

The results of both of these studies suggest that some
other mechanism must have played a significant role in
lateral dispersion at scales of 1–10 km. In this paper we
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examine one possibility, stirring by small-scale geo-
strophic motions caused by patches of mixed fluid ad-
justing in the aftermath of diapycnal mixing events. The
proposed mechanism relies on the fact that vertical
mixing in the ocean is not uniform in space and time.
Rather, it is episodic, resulting from isolated events due
to breaking internal waves (Fig. 1). Motions driven by
local baroclinicity associated with mixed patches lead to
the horizontal adjustment and thus displacement of re-
gions of well-mixed fluid. The random superposition of
these mixing events leads to an effective isopycnal dif-
fusivity.

a. Overview of basic mechanism

The first evidence that turbulence in the oceanic
thermocline occurs in intermittent local patches was ob-
tained off the west coast of Vancouver Island by Grant
et al. (1968) using temperature and velocity microstruc-
ture probes mounted on the bow of a submarine. Their
observations showed patches of turbulence ranging
from 30 to 170 m in horizontal scale. (Precise vertical
scales of patches could not be obtained due to the lim-
ited number of probes used.) Such regions of high mix-
ing can be expected to occur as the result of fluctuating
vertical shears caused by internal and inertial gravity
waves. As envisioned by Phillips (1966) and by Garrett
and Munk (1972), local shear instabilities are produced
when the shear exceeds a critical value set by a Rich-
ardson number criterion. A random superposition of
waves causes these instabilities to occur episodically in
both space and time. This type of behavior was ob-
served, for example, in the summer thermocline of the

Mediterranean Sea by Woods (1968), who used divers
to photograph dye streaks during internal wave break-
ing events.

As a result of episodic mixing, localized regions of
reduced stratification are generated preferentially in re-
gions of enhanced mixing, as described in detail by
Woods and Wiley (1972) in their discussion of “billow
turbulence.” Horizontal pressure gradients associated
with these stratification anomalies cause the well-mixed
regions to move laterally, either geostrophically or not,
to form “blini,” or pancakes (Phillips 1966; Fig. 1). The
types of motions that will occur will depend on the
vertical and horizontal scales of the events, and the
intensity and duration of the mixing, since these scales
ultimately set the scales of the adjustment. If the ad-
justment time scale is long enough, the motion will
become largely geostrophic, and the process is appro-
priately called geostrophic adjustment; the resulting
balanced motions are sometimes referred to as semi-
permanent finestructure, or the vortical mode (e.g.,
Kunze 2001). If the time scale is short, rotation is not
important and the motion will be mostly a slumping in
the direction opposing the pressure gradient; a process
we will refer to as “relaxation” since it tends directly
toward a barotropic state. If a patch is thin, friction will
play an important role in the response from the start
and will limit the motion. Regardless of the dominant
force balance, we shall use the general term “adjust-
ment” to encompass all of the various motions resulting
from the baroclinicity set up by a mixing event.

In all of the above cases, fluid in the weakly stratified
patches will move along isopycnals relative to the sur-

FIG. 1. (a) Schematic of proposed mechanism of lateral dispersion showing mixing that is
episodic in space and time. Horizontal lines represent isopycnals, with lenses of well-mixed
fluid superimposed. (b) A single mixing event and (c) the ensuing lateral spreading as the
stratification adjusts back to its original level. [Reprinted with permission from Sundermeyer
and Ledwell (2001), copyright by the American Geophysical Union.]

1246 J O U R N A L O F P H Y S I C A L O C E A N O G R A P H Y VOLUME 35



rounding fluid. For a single event, the displacement is
appropriately described as advective. However, for a
large number of events, the cumulative displacements
of fluid parcels can be parameterized as an effective
lateral diffusivity. How much diffusion will occur will
depend on the nature of the adjustment and how long
the resultant motions persist. Specifically, we will show
that patch scales on the order of the internal deforma-
tion radius are optimal for promoting dispersion, since
the resultant motions are geostrophically balanced and
hence can persist for very long times, and since most of
the patch is involved in the motion. In that case, radial
displacements associated with the initial stages of ad-
justment are small compared to those associated with
geostrophically balanced flows, and eddy straining
dominates the dispersion (e.g., McWilliams 1988;
Provenzale 1999). If the adjustment of such events oc-
curs frequently in both space and time, the result may
resemble two-dimensional geostrophic turbulence, a
topic which has been discussed extensively in the litera-
ture (e.g., see reviews by Rhines 1977; McWilliams
1985; Provenzale 1999; and references therein). More
generally, however, radial displacements associated
with nongeostrophic adjustment may also lead to later-
al dispersion, although as will be discussed in section
3b, this will be reduced compared to the geostrophic
case.

b. Scope and outline

The formation of localized regions of weak stratifi-
cation has been well documented in the literature, as
noted above (e.g., Phillips 1966; Woods 1968; Woods
and Wiley 1972; Garrett and Munk 1972). That well-
mixed regions of fluid adjust laterally to form subme-
soscale geostrophic eddies, or vortical modes, has been
firmly established both analytically (e.g., Gill 1981;
McWilliams 1988) and in the laboratory (e.g., Griffiths
and Hopfinger 1984; Ivey 1987; Thomas and Linden
1996). The implications of patchy diapycnal mixing in
the ocean have also been explored (e.g., Vanneste and
Haynes 2000; Arneborg 2002). Yet, a simple model
linking these processes to lateral dispersion in the
ocean is still lacking. The most recent progress in this
area comes from a study by Polzin and Ferrari (2004),
who examined the effects of blini or vortical motions in
the open ocean in the context of the North Atlantic
Tracer Release Experiment. Using an empirically de-
rived vortical mode spectrum (Polzin et al. 2003) and
theory for two-particle dispersion in two-dimensional
turbulence, they showed that vortical mode stirring in
the pycnocline of the open ocean can lead to diffusivi-
ties of order 1 m2 s�1. In the present study, the effects
of vortical motions in the coastal ocean are explored.
Specifically, motivated by observations from CMO, we
show that the same mechanism can lead to comparable
or even greater lateral diffusivities in the coastal ocean.
The process we envision here is the same as that dis-

cussed by Polzin and Ferrari (2004). However, as we
will show, our approach differs somewhat from theirs.

The rest of this paper is organized as follows. In sec-
tion 2 we review the CMO dye and microstructure data,
which together provide the observational basis for this
study. The microstructure observations in particular,
which were made concurrently with the dye-release ex-
periments, are used to infer approximate spatial and
temporal scales of localized diapycnal mixing events. In
section 3, we present a simple model for lateral disper-
sion by small-scale geostrophic motions resulting from
the adjustment of mixed patches of fluid. A random
walk formulation is used to obtain order of magnitude
estimates of the effective lateral diffusivity by this
mechanism. A key result is a lower-bound prediction of
the effective lateral diffusivity based on the scales of
mixed patches and other measurable large-scale param-
eters. Additional considerations, including the possibil-
ity of long-lived vortices and vortex interactions, are
also discussed in sections 3 and 4. Specifically, it is
shown that the inclusion of these effects may increase
our lower-bound estimates by an order of magnitude or
more. Section 5 summarizes and concludes.

2. Evidence of small-scale mixing

The CMO dye-release experiments provide estimates
of both diapycnal and lateral dispersion (SL; Ledwell et
al. 2004). They also provide supporting evidence of the
vertical and horizontal scales of mixing. Specifically, as
discussed by SL and Sundermeyer (1998), patchiness
was observed in the early stages of all of the experi-
ments, particularly the 1996 and 1997 rhodamine dye
studies. They found spatial scales in the dye concentra-
tions 6–12 h after injection ranging over 0.5–10 m ver-
tically and a few hundred meters to a few kilometers
horizontally. This, combined with the short time it took
the dye to evolve from a single coherent streak to a
more convoluted/patchy distribution, suggests the pres-
ence of shearing and/or straining—that is, stirring at
these scales. Some of this stirring, particularly during
the initial stages after injection, may have been caused
by vortices formed in the wake of the injection sled
(e.g., Lin and Pao 1979). However, varying degrees of
patchiness superimposed on a background of more dif-
fuse concentrations were also observed later in the ex-
periments.

Velocity and temperature microstructure observa-
tions made in concert with the CMO dye-release ex-
periments also showed patchiness at scales of 1–10 m
vertically and a few hundred meters to a few kilometers
horizontally. These observations, combined with the
dye results, suggest that the adjustment of mixed
patches of fluid following diapycnal mixing events may
have contributed to the observed lateral stirring. The
microstructure observations provide the best evidence
of the temporal and spatial scales of patchy mixing dur-
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ing the CMO dye studies. The following sections exam-
ine these data in some detail.

a. Microstructure patchiness

Velocity and temperature microstructure data were
collected during the 1996 and 1997 CMO dye cruises on
a schedule of alternating days with the dye surveys for
the purpose of making direct comparisons of diapycnal
diffusivities inferred from these two methods. We use
these data to estimate the time and space scales of
patchy mixing. A more complete description of these
data can be found in a recent paper by Oakey and
Greenan (2004).

The locations of the “EPSONDE” microstructure
stations occupied during the 1996 CMO fluorescein
dye-release experiment (Experiment 3 in Ledwell et al.
2004) are shown in Fig. 2. For each day that EPSONDE
data were collected, a region relatively free of fishing
gear was selected as the site of repeated station lines.
Each line consisted of a series of profiles taken while
the ship was underway at about 1 kt. This provided an
effective horizontal resolution of 100–400 m, and an
approximate station repeat interval of 2–3 h. For the
1996 fluorescein experiment, 21 EPSONDE lines were
occupied, with each line consisting of between 12 and
42 profiles, giving a total of 522 profiles. A comparable
number of profiles were taken during the other 1996
and 1997 dye-release experiments.

For each microstructure profile, the dissipation rates
of turbulent kinetic energy

� � 7.5
�

� ��u�

�z �2

�1�

(e.g., Oakey 1988) and temperature variance

� � 6D��T �

�z �2

�2�

were computed. Here u� and T � represent the high-
frequency velocity and temperature fluctuations, while
�/� � 1.3 � 10�6 m2 s�1 and D � 1.4 � 10�7 m2 s�1 are
the kinematic viscosity of water and the molecular dif-
fusivity of heat, respectively.

Estimates of 	 and 
 for station line number 40 (oc-
cupied 1 day after survey 3 of the 1996 fluorescein dye
experiment) and station line number 24 (taken between
the first and second survey) are shown in Fig. 3. The
data are plotted as a function of potential density,
which has been mapped back to a pressure coordinate
using the mean density versus pressure relationship for
the survey. This was done to remove heaving and
stretching of isopycnals caused by internal waves. To
distinguish this modified pressure coordinate from the
“raw” in situ pressure, we shall refer to the former as
“stretched pressure.” Also in our analysis, station loca-
tions in the horizontal plane were mapped to an ad-
vected coordinate system in order to track the ship’s
motion relative to the water. This was done by integrat-
ing the shipboard ADCP data at the depth of the target
density surface relative to a common time for each ex-
periment. Henceforth, distances in this new horizontal

FIG. 2. Ship track during the 1996 fluorescein dye experiment showing the locations of the
EPSONDE microstructure stations relative to the three dye surveys. Bold segments in the dye
survey tracks indicate where dye was found. Also shown are the 60-, 80-, and 100-m isobaths.
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coordinate system are termed “advected” distance, that
is, “advected ship’s log.”

Assuming that mixing events occurred where 	 and 

were more than an order of magnitude greater than
their means, the data in Fig. 3 show episodic mixing
events on vertical scales of 2–10 m and horizontal scales
of a few hundred meters to a few kilometers. Such
patches of high dissipation rate were ubiquitous in the
microstructure data during the 1996 and 1997 CMO dye
experiments. (Microstructure data were not available
during the 1995 pilot cruise.) Particularly noteworthy in
Figs. 3a and 3b is a layer centered at approximately 35
m, which was oblique to potential density surfaces. As
will be discussed in section 4b, this tilt may have af-
fected the ensuing lateral adjustment of the well-mixed
fluid. Note that numerous smaller scale events are also
visible in both station lines.

b. Time scales and buoyancy flux

Considerable effort has been devoted in the litera-
ture to the problem of relating the dissipation rate, 	 to
larger-scale flow characteristics such as shear and strati-
fication (e.g., Henyey et al. 1986; Gregg 1989; Polzin et

al. 1995; Alford and Pinkel 2000; MacKinnon and
Gregg 2003). The basic premise of such relationships is
that the energy dissipated in mixing events is provided
by shear in the internal wave field. Scalings, such as the
	 � N 2 relationship derived by Henyey et al. (1986) and
the 	 � N obtained by MacKinnon and Gregg (2003),
reflect the fact that internal wave energy, shear, and
dissipation all tend to be higher where the mean strati-
fication is greater.

Within a region of given mean stratification, local
variations in N might be expected to be negatively cor-
related with dissipation, because of homogenization of
the density profile by mixing. However, the reduction
in N caused by diapycnal mixing is determined by the
time integral of the buoyancy flux divergence, and not
the buoyancy flux itself. For a given mixing event, we
might therefore expect N within a mixing patch to vary
from some nonzero value at the onset of mixing to
some lower value (possibly zero, in the case of complete
mixing) by the time the mixing ceases. This will be true
regardless of when the maximum value of 	 and 
 oc-
curs. As a result, regions of high 	 and 
 may be ac-
companied locally by either high or low N.

Nevertheless, an estimate of the amount of work

FIG. 3. Dissipation rates 	 and 
, of (left) turbulent kinetic energy and (right) temperature variance, respectively, for EPSONDE
station line numbers (a),(b) 40 and (c),(d) 24, occupied during the 1996 fluorescein dye experiment. Note the localized regions of high
velocity and temperature variance as compared with the relatively quiescent background, and in particular the large region of high
mixing in (a) and (b) centered at about 30-m depth, which is oblique to surfaces of constant potential density. Thick black line segments
in each panel show regions of reduced stratification inferred from density profiles (see also Fig. 7).
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done by episodic mixing events can be obtained by ex-
amining the dissipation rate and the time scales of the
events themselves. Consider in one dimension the case
of a single isolated mixing event of half-thickness, h
(Fig. 4). For a uniformly stratified water column, the
potential energy per unit area can be expressed as

PE � �
�h

h

�gz dz � �
2
3

�oN2h3, �3�

where � � �o(1�N2z/g) is the density, g is acceleration
due to gravity, N is the buoyancy frequency, and z is the
vertical coordinate. From (3) it follows that the change
in PE due to mixing is given by

�PE �
2
3

�o�N2h3, �4�

where �N2 � N2
i � N2

f is the change in N2 caused by
mixing. Alternatively, the increase in PE due to mixing
may be derived by integrating the equation for the tur-
bulent kinetic energy over the volume of the patch and
the time of the mixing event, provided buoyancy fluxes
through the boundaries of the patch are ignored and

the ratio of production of potential energy to dissipa-
tion of kinetic energy, , is constant. In that case,

�PE � 2h �
0

�t

���o dt � 2h���o�t, �5�

where �t represents the time over which mixing occurs,
and we have assumed for simplicity that 	 is also con-
stant during the mixing event. Combining (4) and (5), it
follows that the change in stratification associated with
a patch of mixing is

�N2

N2 �
�PE
PE

�
3	��t

N2h2 . �6�

Equation (6) suggests that for a given buoyancy fre-
quency N2 and anomaly height h, we can estimate the
change in stratification associated with a dissipation
rate 	 acting for a time �t. For example, assuming N �
0.02 rad s�1, 2h � 5 m, and  � 0.2, a mixing event with
	 � 10�7 m2 s�3 lasting for �t � 1 h would result in
�N2/N2 � 0.1, or a 10% reduction in stratification. Al-
ternatively, the same 	 acting for the same period over
a vertical scale of 2h � 2 m would lead to a much
greater change in stratification, �N2/N2 � 0.5, or ap-
proximately 50%. Additional estimates of �N2/N2 for
parameter values representative of the CMO dye ex-
periments are listed in Table 1. These results suggest
that dissipation rates greater than about 3 � 10�8

m2 s�3 and lasting a few hours or longer can induce
significant changes in N2. This result is most pro-
nounced for mixing events with small vertical scales,
that is, h � 2 m or less.

Returning to the microstructure data, we now briefly
consider the change in stratification induced by dia-
pycnal mixing events. Figure 5 again shows a series of
transects of dissipation rate, 	, this time in three dimen-
sions. As in Fig. 3, a Lagrangian correction has been
applied to each transect using the integrated shipboard
ADCP data. However, this time we have used the
ADCP data for each depth bin rather than only a single
depth corresponding to the target isopycnal surface.
Also, here the data are plotted as a function of raw
depth rather than stretched pressure. The result is a
series of curtain diagrams in a depth-dependent
Lagrangian reference frame.

Inspection of Fig. 5 reveals that even with the

FIG. 4. Schematic of change in stratification and thus PE asso-
ciated with a single mixing event. The initial density profile, �i(z),
is indicated by a dashed line, and the final density profile �f(z), is
indicated by a solid line.

TABLE 1. Change in potential energy, �PE/PE � �N2/N2, for select values of dissipation rate 	 and event time scales �t. Values
representing significant changes in stratification (i.e., �N2/N2 
 0.30) are in italics. Note that by definition, �N2/N2 � 1 so that values
greater than or equal to 1 imply complete mixing. That they occur is due to the simplistic but unrealistic assumption that  remains
constant even as N2 approaches zero.

 � 0.2, N � 0.02 rad s�1, and 2h � 5 m  � 0.2, N � 0.02 rad s�1, and 2h � 2 m

	 � 10�8 	 � 3 � 10�8 	 � 10�7 	 � 10�8 	 � 3 � 10�8 	 � 10�7

m2 s�3 m2 s�3 m2 s�3 m2 s�3 m2 s�3 m2 s�3

�t � 1 h 0.009 0.027 0.086 0.054 0.17 0.54
�t � 2 h 0.017 0.055 0.17 0.11 0.34 1.1
�t � 4 h 0.035 0.11 0.35 0.22 0.68 2.2
�t � 6 h 0.052 0.16 0.52 0.32 1.0 3.2
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Lagrangian correction, there was significant overlap in
the locations of successive EPSONDE station lines.
Furthermore, and more interesting, there is visible co-
herence between the different transect lines. For ex-
ample, the arrows in Fig. 5 show a region of enhanced
dissipation, log10(	) � (�7.5 to �7), approximately 5 m
thick, which persists in approximately the same fluid
volume throughout the three transects, a period of at
least 4.3 h (the time from the middle of the first to the
middle of the third transect). Based on (6), we estimate
an event of this magnitude and duration would reduce
the stratification by approximately �N2/N2 � 0.1–0.4,
or 10%–40%. This result demonstrates that although
we may not be able to directly correlate regions of high
	 with regions of reduced N2, as discussed above, some
mixing events were sufficiently energetic and long lived
to cause order-1 changes in the stratification. Note that
several smaller events are also visible in the transects
shown in Fig. 5; however, their coherence was not
nearly as pronounced. Also, estimates of the Ozmidov
scale, LO � 2�(�/N3)1/2 from EPSONDE profiles dur-
ing experiment 3 ranged over 0.2–5 m, suggesting that
this was the maximum scale of turbulent eddies in areas
of enhanced dissipation. The latter implies that mixing
within the large patch shown in Fig. 5 occurred at scales
smaller than the observed patch scale—that is, that the
patch was a collection of smaller overturns. A similar
result showing patch scales many times the overturning
scale was obtained by Smyth et al. (2001) based on
numerical simulations of Kelvin–Helmholz billows and
oceanic microstructure observations. An analogous re-
sult, although to a lesser extent, was also found by Al-
ford and Pinkel (2000), who focused primarily on over-
turning regions with maximum overturning displace-
ments greater than 2 m.

c. Stratification anomalies

We have shown that in some cases mixing events
were sufficiently energetic and long lived to cause order
one changes in stratification. However, we have also
argued that regions of high 	 and 
, and low N2 may not
necessarily be correlated. Indeed, our attempts to for-
mally obtain such a correlation using the CMO micro-
structure data were unsuccessful. Nevertheless, distinct
patches of reduced stratification were observed in both
the tow-yo and microstructure data.

An example of such patches evident in density pro-
files from a transect occupied during the 1996 fluores-
cein dye study is plotted in Fig. 6. The profiles were all
below the main pycnocline, between about 30–60-m
depth. The stratification anomalies, which we define as
regions where N2 was reduced by more than 30% rela-
tive to smoothed versions of the same density profiles,
ranged in scale from 1 to 10 m thick vertically and a few
hundred meters to a few kilometers horizontally. Al-
though larger-scale events are more readily apparent to
the eye since they span many profiles, events that span
only a few profiles are also evident. Also, in a number
of cases anomalies were oblique to potential density
surfaces, and were similar in both scale and angle of
inclination to the layer seen in Figs. 3a and 3b. Similar
stratification anomalies were observed in the other
CMO dye-release experiments.

Density profiles obtained from EPSONDE micro-
structure measurements also showed stratification
anomalies. Figure 7 shows an example of this from sta-
tion line number 40, the same station line shown in Figs.
3a and 3b, except here the data have been smoothed to
yield approximately the same resolution as the tow-yo
data in Fig. 6. Again localized regions of low stratifica-

FIG. 5. Dissipation rate, 	 (m2 s�3), estimated for three successive transects of the 1996 fluorescein dye-release experiment, [station
lines (a) 20, (b) 21, and (c) 22]. Arrows point to a region of high �, which appears to persist in approximately the same fluid volume
throughout the three transects. Isopycnals are also plotted in each panel, with the � � 24.0 level plotted in boldface, and incrementing
by � � 0.25 above and below. Note that the position of the region of high � relative to the � � 24.0 surface is the same in each of the
panels. The elapsed time from the beginning of the first transect to the end of the third transect was approximately 4.3 h, suggesting
that the mixing persisted for at least that long.
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tion are evident throughout the water column, particu-
larly below the main pycnocline, which in this experi-
ment was at about 20-m depth.

The observed layers of reduced stratification are
similar to those reported by Thorpe et al. (1999) in
relatively uniformly stratified waters below the sea-
sonal thermocline of Lake Geneva. Thorpe (1999) de-
scribed how such layers may be generated through lo-
calized mixing associated with internal wave groups,
and how the geometry of the layers should relate to the
geometry of breaking regions and the propagation
characteristics of the waves. Localized mixing is not the
only possible explanation for the existence of these re-
gions, however; for example, they may be the result of
internal wave strain. Unfortunately, our data do not
allow us to discern between these two possibilities.

To assess whether the observed patches of reduced
stratification could in fact have been the result of local-
ized mixing, the stratification anomalies indicated in
Fig. 7 by boldface line segments are also plotted over
the 	 and 
 transects shown in Figs. 3a and 3b. The same
analysis was done for station line number 20, shown in
Figs. 3c and 3d. As anticipated based on the discussion
of the previous section, the correspondence between
regions of reduced stratification and high 	 and 
 is
sporadic. However, distinct similarities are also appar-
ent, although more so in Figs. 3a and 3b than in Figs. 3c
and 3d. For example, in Figs. 3a and 3b, the layer of
high 	 and 
 centered at about 35 m coincides approxi-
mately with layers of reduced stratification. Rather
than being aligned with the region of highest 	 or 
,
however, the low stratification occurs near the bound-
aries of this region. The reason for this offset is unclear.
Nevertheless, this example suggests that these layers
are linked. We reiterate, however, that on the scales of
interest here, localized regions of low N2 would be the

end product of turbulence and would not necessarily be
coincident with regions of high dissipation.

3. A simple analytical model

Results from the CMO dye-release experiments
showed patchiness on scales of 1–10 m vertically and a
few hundred meters to a few kilometers horizontally.
Measurements of the dissipation rate of turbulent ki-
netic energy 	 and temperature variance 
 also showed
event-like mixing at similar scales. Last, tow-yo
transects from the dye surveys showed regions of re-

FIG. 7. Similar to Fig. 6, but for EPSONDE station line number
40 occupied 1 day after the third survey of the 1996 fluorescein
dye experiment. Boldface line segments indicate regions where N2

was reduced by more than 30% relative to smoothed versions of
the same density profiles.

FIG. 6. Density profiles along a transect occupied during survey 3 of the 1996 fluorescein dye experiment showing localized regions
of nearly constant density, i.e., low stratification. Pressure is plotted on the x axis and potential density on the y axis so that regions of
low stratification appear as horizontal segments of the profiles. Successive profiles are offset by distance along the ship track in an
advected coordinate frame. The horizontal line at � � 24.3 indicates the density of the dye injection. A plan view of the ship track
showing the relative location of this transect (thick line) is shown in the inset to the figure.
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duced stratification at these same scales. The latter
were in some cases related to the regions of enhanced
mixing. Together, these observations suggest the pres-
ence of episodic mixing and possibly lateral stirring on
scales of a few hundred meters to a few kilometers. We
now examine whether the adjustment of mixed patches
could have led to sufficient lateral stirring to explain the
overall lateral diffusivity observed during the CMO dye
studies.

a. Momentum scaling

Consider an isolated diapycnal mixing event in which
mixing is much greater than the ambient background
level. The fate of such an event can be understood as
follows. If the timescale of the turbulent mixing event is
short compared to the adjustment time of the resulting
mixed patch, the process may be thought of as having
two distinct phases: a turbulent mixing phase, and an
adjustment phase. The mixing phase will create a local
buoyancy anomaly. For perfect mixing, the final strati-
fication within this anomaly would be zero so that �N2/
N2 � 1. However, if localized mixing causes an order-1
change in the local buoyancy frequency, but does not
lead to perfect mixing, a more realistic value might be,
for example, �N2/N2 � 0.5.

For a given vertical event scale h, we can define a
deformation radius associated with the induced strati-
fication anomaly, R � �Nh/f (e.g., Gill 1981). Taking a
buoyancy frequency, N � 10 cph (0.0175 rad s�1), and
a vertical event scale of 2h � 5 m, as were typical for the
CMO dye studies, and letting �N2 � 0.5N2, we find R �
325 m. If we assume for the moment that friction is not
important during the adjustment of a mixed patch, then
for a patch of horizontal scale 2L � 1.0 km (again
typical for CMO) both relative acceleration and Corio-
lis acceleration will play a role in the adjustment, since
in that case the horizontal scale is comparable to the
deformation scale.

Using the above assumptions, we can employ simple
scaling arguments to understand how the adjustment of
mixed patches ultimately leads to an effective horizon-
tal dispersion. Consider the x component of the hori-
zontal momentum equation,

�u

�t
� u · �u � f � �

1
�

�P

�x
� �B

�2u

�z2 , �7�

where �B represents a background viscosity that may or
may not be directly related to the mixing events. This
equation can be scaled as follows:

�U

T��U2

L ��fU��h2

L
�N2���B

U

h2�, �8�

where U, L, and T represent velocity, length, and time
scales, respectively, and the scaling for the pressure gra-
dient term derives from the hydrostatic equation,

�P

�z
� ��g. �9�

Equation (7) represents the basic momentum bal-
ance associated with the adjustment of mixed patches
of fluid. For a single event with L 
 R, we envision a
classic Rossby adjustment problem. The buoyancy
anomaly induced by diapycnal mixing results in a hori-
zontal pressure gradient as represented by the first term
on the right-hand side of (7). If the anomaly is axisym-
metric, and if the influence of friction is small, this pres-
sure gradient will lead to an initial radial spreading of
the well-mixed fluid over a distance of order R (e.g.,
Fig. 1). As this initial adjustment occurs, a geostrophic
flow will be established in the azimuthal direction such
that the mixed region rotates anticyclonically. The
spreading, and thus a decrease in the PE of the well-
mixed fluid, occurs as some of the available potential
energy is converted to kinetic energy. There is also a
radiation of energy away from the site by internal
waves. However, these need not be considered here
since their contribution to lateral dispersion is small
and since they do not interact significantly with the
balanced geostrophic motions (e.g., Reznik et al. 2001).

Whether the radial displacements directed down
pressure gradient, or the azimuthal displacements asso-
ciated with the geostrophic flow are larger, will depend
on the scale of the mixed patch. For example, if L � R,
the azimuthal displacements will be much greater than
the slumping displacements. Alternatively, if the effects
of rotation are small (L � R), azimuthal displacements
will be negligible and the largest displacements will be
due to the slumping motions. As will be discussed in
section 3c, the greatest net displacement of fluid and
hence the largest effective lateral dispersion is expected
to occur for L � R—that is, in a regime where the flow
is ultimately geostrophic and the whole patch becomes
involved in the adjustment.

b. Vertical diffusion and event time scales

The above considerations can be used to formulate a
simple parameterization of the effective horizontal dis-
persion caused by a collection of random mixing events.
However, before we proceed, it is useful to consider
how the vertical scales of episodic mixing events are
related to the mean vertical diffusion. (We return to the
effective lateral dispersion due to episodic mixing
events in the next section.)

As suggested by Garrett and Munk (1972), and fol-
lowing section 2b, the mean vertical diffusivity �z in a
stratified fluid can be related to the scales of episodic
mixing events and their frequency of occurrence using
PE arguments. Consider a single isolated mixing event
of half thickness h, as sketched in Fig. 4. If Q(h)dh
represents the expected number of events of half-height
between h � 1⁄2dh per unit time, per unit depth, then
from (3) it follows that the average rate of change in PE
density—that is, the buoyancy flux—can be written as
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��PEQ�h� dh �
2
3 ��o�N2h3Q�h� dh. �10�

Alternatively, writing the buoyancy flux as a diffusivity,
�z, times a buoyancy gradient,

��PEQ�h� dh � ��z

���g�

�z
� �zN2�o. �11�

Combining (10) and (11), the vertical diffusivity can be
expressed as the sum of isolated mixing events,

�z �
2
3��N2

N2 h3Q�h� dh. �12�

Recent work by Vanneste and Haynes (2000) suggests
this result is valid to within an order-1 coefficient that
depends on the probability distribution of the mixing
events. (Note, however, that our notation differs
slightly from theirs in that we define the frequency of
events per unit depth, not over the full water column.
Meanwhile our event frequency, �, defined below, is
for a given location in the water column, not per unit
depth.)

Equation (12) provides a simple relation between the
effective vertical diffusivity �z, the average frequency of
mixing events of a given scale Q(h)dh, and the buoy-
ancy anomaly associated with these events �N2. For
simplicity, let us assume that all events have the same
half-thickness, h, and buoyancy anomaly, �N2. Then
(12) reduces to

�z �
1
3

�N2

N2 h2�, �13�

where � represents the average frequency of events. In
the present context, (13) is most useful if the vertical
diffusivity is known, as from the dye experiments or
microstructure. In this case the frequency of events, �,
can be estimated from observations of the vertical scale
h and the buoyancy anomaly �N2; that is,

� � 3
N2

�N2

1

h2 �z. �14�

Equations (13) and (14) show that for a given vertical
diffusivity, �z, the larger the thickness of the mixing
events, the less frequently they must occur. For ex-
ample, for the second of the 1996 CMO dye experi-
ments, the vertical diffusivity in the lower part of the
patch was �z � 0.9 � 10�5 m2 s�1. Assuming a typical
buoyancy anomaly, �N2 � N2 and a typical vertical
scale, 2h � 2 m, (14) implies an average event recur-

rence time of 1/� � 0.2 days. Alternatively, mixing
events of vertical scale 2h � 5 m would result in a larger
event recurrence time, 1/� � 0.3 days. Similar calcula-
tions for a variety of combinations of patch thicknesses
and vertical diffusivities are listed in Table 2. For a
reasonable range of vertical scales h and vertical diffu-
sivities �z, the inferred event recurrence times range
from 1/� � 0.2 days to 1/� � 48 days.

Relevant to this range of recurrence times, is that
according to (13) and (14), � also depends on �N2/N2,
which we assumed here has a nominal value of 0.5. All
else being equal, however, (6) suggests that �N2/N2

may itself vary, so that the actual range of recurrence
times may not be as wide spread as Table 2 suggests.
Alternatively, however, if 	, �t, and h are not indepen-
dent—for example, if the vertical scale of the mixed
patches is related to the dissipation rate through the
Ozmidov scale, LO � 2�(�/N3)1/2 (e.g., Smyth et al.
2001)—then (6) implies that any such reduction in the
range of recurrence time scales may be negated. Re-
gardless of the actual value of �N2/N2, however, the
important points in Table 2 are 1) to show approxi-
mately how the event recurrence time scale varies for
different vertical scales, and 2) to show that for the
same vertical patch scale h, the recurrence time scale is
always less than the frictional time scale, as we shall
now explain.

The frictional time scale, h2/�B associated with verti-
cal viscosity is also important to the adjustment of dia-
pycnal mixing events. Here we imagine that diapycnal
mixing events and their resultant stratification anoma-
lies occur and relax amidst some background vertical
viscosity, �B, which may be molecular viscosity or may
represent processes acting on small scales at times out-
side of the mixing events. For purely molecular viscos-
ity acting on a very thin layer, the horizontal pressure
gradients associated with a density anomaly may be
balanced by friction, and a frictional adjustment may
occur. In the case of an eddy viscosity, we might imag-
ine that as small-scale eddies redistribute momentum,
they would also mix away the density anomaly associ-
ated with the mixing event, halting the adjustment. Al-
though it is conceivable that internal waves can transfer
momentum vertically independent of turbulent mixing
events, thus enhancing �B somewhat, we shall assume
that �B � �z—that is, the background viscosity is less
than the diffusivity due to mixing events. Oakey and
Greenan (2004) estimated eddy viscosities during CMO
from 4 � 10�5 to 1 � 10�4, averaged over regions of
both high and low �. However, if event-like mixing
dominated over background mixing, which we believe

TABLE 2. Event recurrence time scales, 1/�, inferred from (14) for a range of vertical diffusivities �z and vertical scales h.

2h � 2 m 2h � 5 m 2h � 10 m

�z � 0.1 � 10�5 m2 s�1 1/� � 2 days 1/� � 12 days 1/� � 48 days
�z � 1.0 � 10�5 m2 s�1 1/� � 0.2 days 1/� � 1.2 days 1/� � 4.8 days
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to have been the case, the background viscosity would have
been much less than this and hence may still have been
less than or of the same order as the total vertical diffu-
sivity. In either case, a short frictional time scale would
limit the amount of time that diapycnally mixed fluid
would have to be displaced laterally during adjustment.

Whether friction is likely to affect the adjustment of
mixed layers can be determined. Table 3 lists the fric-
tional time scales, h2/�B for molecular and modest eddy
viscosities over a range of vertical event scales typical of
CMO. As the resulting times are generally of order a
day or more, viscous accelerations are unlikely to have
been important relative to the Coriolis acceleration for
these events. Furthermore, for �B � �z, (and especially
for �B � �z) and comparable vertical scales h, the in-
ferred frictional time scale, T�B � h2/�B is always larger
than the recurrence time scale, 1/�. Note that this is
true independent of the value of �N2/N2. This follows
directly from (14) and the definition of the frictional
time scale; that is,

T�B

1��
� �h2

�B
��3

N2

�N2

�z

h2� � 3
N2

�N2

�z

�B

 1, �15�

since by definition, �N2/N2 
 1 and by assumption �B �
�z. This suggests that successive anomalies will likely
overlap with their predecessors. In an extreme case, if a
density anomaly is completely mixed away by a new
event, the recurrence of events will thus halt (or at least
significantly modify) the adjustment of previous events
long before friction can play a significant role.

c. Effective lateral dispersion

The size of the deformation radius estimated in sec-
tion 3a and the time scales estimated in section 3b are
all consistent with the idea that episodic mixing events
observed during the CMO dye-release experiments
may have resulted in the geostrophic adjustment of
mixed regions. We now consider the effective lateral
diffusivity associated with a collection of such events.
First, we consider dispersion by a field of independent
adjustment events, that is, assuming that vortices do not
interact. We then consider how the interaction of vor-
tices might modify our results.

Suppose that patches of diapycnal mixing occur on
horizontal scales comparable to or greater than the de-
formation radius, and that the recurrence time scale of
events, 1/� is greater than or equal to the rotation time
scale, 1/f so that events adjust under the influence of
rotation before being disturbed by subsequent events.
In this case, after sufficient time has elapsed, the dom-
inant balance in the horizontal momentum Eq. (7) will
ultimately be between the pressure gradient and Corio-
lis acceleration. The horizontal velocity associated with
the adjustment of a mixed patch thus scales as

U �
h2�N2

Lf
. �16�

Now consider the effect of many such events on the
dispersal of a passive tracer. The effective horizontal
diffusivity associated with the events can be thought of
as a random walk of fluid parcels with horizontal step
size S and frequency �—that is, �H � 1⁄2S2�. In the case
of geostrophic adjustment, the step size S is at least of
order the geostrophic velocity (16) times the adjust-
ment time scale T � 1/f. An alternative choice of time
scale for this purpose is the eddy turnover time. How-
ever, for Rossby number R2 � 1, which we assume to be
the case here, the eddy turnover time is greater than or
equal to an inertial period, so that 1/f gives a lower
bound on the displacement; that is,

S � UT �
h2�N2

Lf2 �
R2

L
. �17�

Meanwhile, in the simplest case, the frequency of tak-
ing a step is given by the frequency of the diapycnal
mixing events themselves. Thus, the effective horizon-
tal diffusivity is

�H � �1
2�S2� � �1

2� h4�N4

L2f4 �, �18�

or, substituting for �N2h2� in terms of N2�z from (14),
and for the deformation radius, R � �Nh/f,

�H � �3
2��N2

f2 ��R2

L2��z. �19�

Equations (18) and (19) provide an estimate of dis-
persion by vortices generated through the adjustment
of mixed patches. However, this estimate is conserva-
tive for at least two reasons. First, we used 1/f rather
than the (larger) eddy turnover time to estimate the
step size S. Second, if motions are long lived, they may
interact, enhancing the dispersion more than (18) and
(19) imply.

Consider a single geostrophic vortex generated by
the adjustment of a mixed patch of fluid. If the vortex
is long lived, the displacement or step size experienced
by a fluid parcel within the vortex will increase until it
completes half of a revolution around the vortex, or
about one-half of an eddy turnover time. Assuming
an axisymmetric Gaussian-shaped vortex (e.g., McWil-

TABLE 3. Viscous time scales, h2/�
B
, showing the time it would

take for the motion of an anomaly of a given vertical scale h to be
arrested by viscous forces.

2h � 2 m 2h � 5 m 2h � 10 m

�B � 0.1 � 10�5 m2 s�1

(molecular viscosity)
12 days 72 days 289 days

�B � 1.0 � 10�5 m2 s�1

(eddy viscosity)
1.2 days 7.2 days 29 days
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liams 1988), a parcel 1 deformation radius from the
vortex center will take 1–2 inertial periods to do this.
Meanwhile, at distances greater than a deformation ra-
dius, but still within the influence of the vortex, parcels
will take longer to achieve the same angular displace-
ment. As a result, even after many inertial periods,
some parcels will not have completed even one-half of
a revolution. Once they do, however, their correspond-
ing linear displacements will be greater than parcels
nearer to the vortex center. The rms displacement of all
fluid parcels combined will thus continue to grow for
multiple eddy turnover times, that is, several inertial
periods. Eventually the rms displacement will asymp-
totically approach a finite value (e.g., Rhines and
Young 1983). Using a simple analytical/numerical
model for an idealized inviscid Gaussian vortex, we
have found the rms displacement of fluid parcels to
grow linearly for small times, asymptotically approach-
ing a fixed value for very large times (i.e., many tens of
inertial periods), with a transition period in between.
For the size and strength of the vortices envisioned
here, we thus find that the mean squared displacement
of parcels within a few deformation radii from the vor-
tex center may be as much as 5–10 times as large as (18)
suggests.

A second means by which long-lived vortices can
lead to an increased dispersion is by interacting nonlin-
early. In that case, the implicit assumption that closed
streamlines will limit vortices’ ability to disperse fluid,
breaks down. Instead, vortices will mutually advect, as
well as merge and/or destroy one another, and the mix-
ing becomes similar to two-dimensional turbulence.
Pasquero et al. (2001) and Pasquero et al. (2002) found
that in this realm, Lagrangian decorrelation time scales
range from 4–18 times the eddy turnover time.

In the case of interacting vortices, and possibly also in
the case of isolated vortices but before the mixing is
complete within closed streamlines, the viscous time
scale T�B or, nondimensionally, the Ekman number
( fh2/�B) provides a measure of the time that a given
vortex will contribute to lateral dispersion. For inter-
acting vortices, in analogy with two-dimensional turbu-
lence, this can be seen by combining simple energetics
arguments with Taylor’s (1921) eddy diffusion formu-
lation, �H � TIKE, where KE is the kinetic energy of
the turbulent flow field, and TI is the integral time scale
of the motion. Assuming the KE of the eddy field is
given by a balance between the production of eddies by
the adjustment of mixed patches and their decay by
viscous forces, the diffusivity can be expressed as

�H � TI KE � TI � �Production rate of KE��h2

�B
�.

�20�

Let the production rate of KE be given by the fre-
quency of mixing events � times some fraction of the
PE generated by individual events per (3); that is,

Production rate of KE � � � �2
3

�o�N2h2�, �21�

where the rhs has now been normalized by h to obtain
KE per unit volume. Assuming that the integral time
scale TI is approximately equal to the eddy turnover
time—that is, a few inertial periods—and again using
(14), it then follows that the horizontal diffusivity for
nonlinearly interacting vortices scales as

�H � ��N2

f2 ��h2��B

1�f ��z, �22�

where � is an unknown coefficient, presumed to be of
order 1.

Equation (22) is very similar to (19), the differences
being the factor (R2/L2) in (19), which we assumed to
be of order 1, and the appearance of the Ekman num-
ber in (22), which sets the overall strength of the tur-
bulent eddy field. Although these two expressions were
derived in much different ways, the process they rep-
resent is similar. Still, they represent two extremes for
the expected lateral dispersion. Specifically, (19) repre-
sents the case in which vortices do not interact and the
dispersion is limited to one or two inertial periods,
while, (22) assumes that vortices are long-lived and do
interact. For the case of the interacting vortices, we
presume that the Ekman number is greater than 1. In
fact, for CMO, based on Table 3, we believe it was
closer to 10. Also, for the case of noninteracting vorti-
ces, we have argued above that (19) may still underes-
timate the dispersion by up to an order of magnitude.

Both of the above scalings provide estimates of the
effective horizontal diffusivity due to the adjustment of
episodic mixing events when events are of large enough
horizontal scale to adjust geostrophically. Furthermore,
they both show that the effective horizontal diffusivity
by the adjustment of mixed patches of fluid can be
written in terms of the vertical diffusivity times a scaling
factor, which depends on known and/or measurable pa-
rameters.

The above parameterizations are similar to one ob-
tained by Young et al. (1982) for shear dispersion due
to internal waves. However, the motions modeled here
are entirely isopycnal; we have not yet considered the
interaction between vertical shear and vertical diffu-
sion. That process is compared with the present one in
the appendix. The diapycnal diffusivity enters both (19)
and (22) through the rate of production of vortices, not
through a shear dispersion model. In fact, SL showed
that shear dispersion by internal waves was insufficient
to explain the lateral dispersion observed in CMO.

The diffusivity predicted by (19) and (22) can be
compared directly with results of SL from the CMO dye
studies. Their “irreversible” lateral diffusivities repre-
sent the effective diffusion along isopycnals, excluding
“reversible” processes such as oscillatory shears, but
including irreversible effects such as small-scale stirring
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along isopycnals and shear dispersion. Using typical
values from CMO, N2/f2 � (0.1–1) � 105, and assuming
mixing events of horizontal scale of order the deforma-
tion radius (R2/L2), (19) yields

�H � �0.1–1� � 105�z, �23�

which we have argued is a conservative estimate of the
dispersion. Alternatively, assuming a lower-bound esti-
mate of the Ekman number based on a 2-m event and
a background viscosity of �� � 10�5 m2 s�1, that is,
( fh2/�B) � 10, (22) yields

�H � �1–10� � 105�z. �24�

For the range of vertical diffusivities estimated from the
CMO dye studies, �z � (0.1–1.0) � 10�5 m2 s�1, the
above expressions thus give horizontal diffusivities of
�H � (0.1–10) m2 s�1. Comparing these estimates with
the values of �H estimated during CMO (Table 4), we
find that the predicted dispersion spans the range of the
observed dye dispersion. Analogous predictions using
diapycnal diffusivities estimated from microstructure
measurements by Oakey and Greenan (2004) and by
MacKinnon and Gregg (2003) give similar results.

4. Discussion

The above scale analysis provides a simple frame-
work for understanding how the adjustment of diapyc-
nal mixing events can lead to an effective lateral dis-
persion. It leads to simple parameterizations of the in-
duced lateral dispersion in terms of the scales of
diapycnal mixing events, the net diapycnal diffusivity
they induce, and measurable external parameters.
However, there are a number of aspects of the model
that warrant further discussion.

a. Random walks and nonlinear interactions

A fundamental issue in the above scaling is the ques-
tion of how well our assumption of a random walk dif-
fusivity applies to a situation such as CMO in which the
duration of the dye experiments is only a little longer
than the time between diapycnal mixing events, that is,
3–5-day experiments, in comparison with approxi-
mately an inertial period, that is, 18 h. Indeed, if both
the event frequency and the frictional time scale (i.e.,
the lifetime of an individual event) are small, a random
walk scaling would not be appropriate. However, if the

frictional time scale is long relative to the time between
events (i.e., large Ekman number), the number of vor-
tices stirring the tracer at any given time, and hence the
effective frequency with which an individual fluid par-
cel takes a step, may be many times larger than the
actual generation frequency of events. In addition, as
the dye patch grows, the area of the patch and hence
the number of vortices acting on it will grow geometri-
cally, thus increasing the effective number of indepen-
dent Lagrangian trajectories within the patch. These
two factors combined can lead to the diffusive spread-
ing of a dye patch after a surprisingly short time.

Related to the above, an interesting aspect of the
random walk scaling given by (19) is that it does not
require that vortical motions generated by mixing
events interact nonlinearly as a turbulent flow field. In
fact, by neglecting the effect of such interactions, (19)
implicitly assumes that lateral stirring by vortices can
occur even if mixing events are sparse in space and
time. In that case, the stirring may look less like turbu-
lence and more like, for example, the “blinking vortex”
model of Aref (1983). (In our case, however, a given
vortex would “blink” on and remain so for many iner-
tial periods rather than switching on and off in the same
location indefinitely.) For CMO at least, we estimated
that the recurrence time scale is shorter than the fric-
tional time scale, so that vortices likely do interact. This
was taken into account to some degree in our revised
scaling given by (22). However, given our uncertainty
about the frequency of mixing events and the back-
ground viscosity, we cannot say for certain which of
these scalings is most appropriate for which experi-
ment, only that they appear to be of the right order of
magnitude compared with the observations.

b. The geometry of mixed patches

The scalings given by (19) and (22) are for the ide-
alized case of an axisymmetric vortex, assuming that
mixed patches of fluid adjust geostrophically. The size
of the deformation radius estimated in section 3a and
the time scales estimated in section 3b suggest that,
regarding the latter at least, this was indeed the case
during CMO. Mixed patches that adjust geostrophically
are optimal for generating lateral dispersion because
they provide the greatest stirring for a given amount of
vertical mixing. Indeed, as discussed by Sundermeyer
(1998) it can be shown that if L � R, the patches will
relax with relatively small displacements. Similarly, if

TABLE 4. Comparison of irreversible lateral diffusivities estimated from the CMO dye-release experiments, and values predicted for
vortical mode stirring using (19) and (22).

1995 (40 m) 1996 (35 m) 1996 (46 m) 1997 (18 m)

N2 rad s�1 12 5–6 12 13–18
�z � 10�5 m2 s�1 0–1.5 1–3 0.2–1.0 0.2
�H m2 s�1 (CMO) 4.9 (2.9–7.3) 4.6 (3.0–6.5) 0.5 (0.1–1.1) 0.3 (0.1–0.6)
�H m2 s�1 [Eq. (19)] 0–1.1 0.1–0.6 0.1–0.7 0.2–0.3
�H m2 s�1 [Eq. (22)] 0–11 1.3–5.5 1.5–7.3 1.7–3.3
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patches are thin in the vertical in the sense that the
frequency of mixing events is large when compared
with f [e.g., see (14)], but not so thin that friction domi-
nates their initial adjustment, and further, if new events
completely interrupt the flow of previous events, then
the displacements will again be relatively small. Last, if
the mixed patches are thin enough that the frictional
time scale is short when compared with 1/f, then again
the resulting displacements will be relatively small.

A second consideration regarding the geometry of
mixed patches arises in the more general case when
mixing events adjust geostrophically but are not hori-
zontally symmetric; in this case, the dispersion will be
further modified. Consider an event which is of order
the deformation scale in one horizontal dimension, but
much larger in the other. In this case, the mixed region
will again adjust geostrophically, spreading laterally
while setting up a geostrophic flow. However, instead
of a symmetric vortex, the adjusted state will be a long
band with geostrophic flow in the direction of the lon-
gitudinal axis of the mixed region (Fig. 8c). The dis-
placements associated with this geostrophic flow will be
larger than the azimuthal displacements associated with
a symmetric patch that is of order of R (Fig. 8a). This is
because in the case of an elongated patch of mixed
fluid, the geostrophic flows can transport fluid much
further than a deformation radius in the direction of the
major axis of the mixed region (this assumes again that
the geostrophic flows persist longer than the initial ad-
justment time before being interrupted by a new mixing
event or arrested by friction). The case of symmetric
mixed regions with L � R is similar (Fig. 8b), except
that only edges (with width of order R) are set into
motion.

A third geometrical consideration for mixed patches
of fluid is that, as noted in section 2c, density anomalies
observed during the CMO dye studies were frequently
oblique rather than parallel to potential density sur-
faces. The effective horizontal scales of the mixed lay-
ers, L� � L, was therefore reduced relative to the case
where layers are not tilted. This is shown schematically
in Fig. 9. According to the scaling given by (19), the
predicted horizontal diffusivity would thus increase for

large tilted layers, since the scale factor R2/L�2 
 R2/L2.
Note, this assumes their effective horizontal scale, L�,
was still of order R or greater.

Last, relating to our discussion in section 2b, is the
question whether the adjustment of patches consisting
of multiple overturns can be modeled collectively as a
single adjustment event, as we have done; or alterna-
tively, whether individual overturns should be consid-
ered individually, each going through its own adjust-
ment, and possibly interacting and merging as a result
of the adjustment. Considering (6) and (14), we believe
that whether mixed patches are one-half as large with 2
times the change in stratification, or vice versa, has little
impact on our final result, since both of these expres-
sions suggest that the more important quantity is the
change in PE induced by diapycnal mixing—that is, the
net diapycnal diffusivity. Specifically, given the integral
constraint that �z imposes on the buoyancy flux, it fol-
lows from the final scaling for �H given by (19) and (22)
that any change in the vertical scale of the events h
would necessarily be offset by a change in �N2, leaving
�H relatively unchanged. The one exception is the Ek-
man number scaling, ( fh2/�B) in (22). However, our
estimate of this parameter in section 3c is already quite
low because of our assumption of a 2-m event scale and
a conservative estimate of the eddy viscosity. Further-
more, if smaller events do interact nonlinearly and pos-
sibly merge, as discussed in the previous section, then
the effective Ekman number may also remain relatively
unchanged.

c. Additional considerations

One place where we may have overestimated the dis-
persion by mixed patches of fluid is in our use of a
simplified random walk scaling, �H � 1⁄2S2�, which im-
plicitly assumes that S (and hence S2) and � are uncor-
related. However, if S2 and � are correlated, then this
�H may be an underestimate because it neglects the
cross-correlation term. Conversely, if S2 and � are
negatively correlated, then by the same reasoning, �H

may be an overestimate. Indeed, comparing the step
size estimated in (17) with the step frequency estimated
in (14), and assuming f, L, and �z are independent vari-
ables, we anticipate that, if anything, S (and hence S2)
and � would be inversely (i.e., negatively) correlated
through their dependence on �N2h2.

FIG. 8. Schematic of (a) a radially symmetric mixing event of
horizontal scale L � R, (b) a radially symmetric mixing event of
scale L � R, and (c) an elongated mixing event of mixed scales.

FIG. 9. Schematic of horizontal vs oblique mixed layers showing
the difference in effective horizontal scales, L� � L.

1258 J O U R N A L O F P H Y S I C A L O C E A N O G R A P H Y VOLUME 35



Another factor affecting the dispersion by mixed
patches of fluid is that if layers do adjust geostrophi-
cally and then subsequently decay by viscous damping,
additional spreading of the mixed fluid may occur dur-
ing the spindown of the geostrophic flow (e.g., Gill
1981). This will again increase the effective lateral dif-
fusivity associated with the relaxation of mixing events
compared to (19).

The adjustment of diapycnal mixing events may also
contribute to lateral dispersion by vertical shear disper-
sion. Given the relatively small lateral scale of the
events compared to the scale of the dye surveys, it is
likely that the relatively low-frequency vertical shears
associated with them would have been aliased as high-
frequency shears by shipboard ADCP observations and
would therefore not be accurately portrayed in the
analysis of SL. However, in the appendix, we show that
shear dispersion associated with the adjustment of
mixed patches is less than the effective dispersion due
to purely isopycnal motions. Thus we believe that shear
dispersion is only of secondary importance to the pro-
cess described here.

We have argued that the adjustment of patches cre-
ated by diapycnal mixing events would manifest itself in
the form of small-scale stirring on the same scales at
which the diapycnal mixing occurs—that is, 0.5–10 m
vertically and a few hundred meters to a few kilometers
horizontally. Alternatively, however, within the context
of this same mechanism, suppose that vertical mixing
during a particular dye experiment was due primarily to
one (or very few) large event(s). In the extreme case of
a single large mixing event, the dye would mix rapidly
in the vertical for a brief time and then not at all. Mean-
while, in the horizontal direction the dye would appear
to spread continuously, possibly as a single or very few
streaks, as the well-mixed fluid adjusted laterally and
ultimately relaxed due to friction. In that case, the hori-
zontal dispersion might more appropriately be de-
scribed as an advective rather than a diffusive process.
However in practical terms, without additional infor-
mation about the larger-scale flow, this advection may
be indistinguishable from other baroclinic and/or baro-
tropic shearing or straining processes.

5. Summary and conclusions

Observations from the CMO dye-release experi-
ments (see also Sundermeyer and Ledwell 2001; Led-
well et al. 2004) and concurrent microstructure obser-
vations (see also Oakey and Greenan 2004) are consis-
tent with the view that mixing in the stratified waters of
the continental shelf occurs episodically in both space
and time. The observations suggest that the scales of
mixing ranged over 2–10 m in the vertical and a few
hundred meters to a few kilometers in the horizontal. In
this paper, we have attempted to show that diapycnal
mixing events at these scales can lead to significant lat-

eral stirring through the adjustment of mixed patches of
fluid. Scale analysis applied to the horizontal momen-
tum equations along with a simple random walk formu-
lation were used to estimate the effective horizontal
diffusivity due to this mechanism. A similar result was
also obtained directly from energetics considerations
using Taylor’s (1921) eddy diffusion theory.

A major result of this study is that there is an optimal
scale of mixing events to achieve a maximum effective
lateral diffusivity. The basic result, which we believe
represents a lower-bound prediction, is given by (19). A
more representative prediction, which accounts for the
lifetime of vortices and the possibility of vortex inter-
actions, is given by (22). The maximum diffusivity is
predicted to occur when the horizontal scale of events is
comparable to the deformation radius (L � R), and the
vertical scales are large enough that events adjust geo-
strophically. Analysis of dye and microstructure data
suggests that for CMO both of these conditions were
met.

The scaling results given by (19) and (22) suggest that
for CMO the adjustment of mixed patches of fluid may
have led to effective lateral diffusivities of �H � (0.1–
10) m2 s�1. These values span the range of the observed
lateral dispersion of the dye. Noteworthy, however, is
that the dispersion in the first two CMO experiments
appears to be underpredicted by (19), whereas the last
two experiments are overpredicted by (22); that is, nei-
ther scaling alone appears to collapse all the data.
Quantitatively, the difference between these scalings is
the Ekman number, which depends on both the vertical
scale of mixing events h and the background viscosity
�B. In comparing the predicted dispersion with the
CMO results, we have assumed that the Ekman num-
ber is of order 10. Furthermore, in all cases, we have
assumed that R/L is of order 1. However, if either or
both of these nondimensional parameters varied be-
tween the first two and last two experiments, this may
account for the apparent discrepancy.

Throughout our analysis, we have attempted to keep
track of any order-1 constants, provided that they are
known [e.g., the factor of 2/3 in (3) and (4), and the
factor of 1/2 in our random walk scaling]. The reason
for this was to limit the likelihood of many such con-
stants conspiring to give an order of magnitude in our
final results. Our final results thus represent our best
estimate of the effective lateral dispersion �H by this
mechanism. Nevertheless, as discussed above, there are
still numerous considerations that could modify �H ei-
ther up or down. First, as discussed in section 4b, if
mixing events were not horizontally symmetric, geo-
strophic flows associated with their adjustment may
have led to even larger horizontal displacements than
suggested by (17). Second, the scaling given by (19) and
(22) may underpredict the effective lateral spreading of
tracer if the geostrophic flow persists for much longer
than an inertial period, since in that case the lateral

JULY 2005 S U N D E R M E Y E R E T A L . 1259



advection of the mixed fluid may be larger than the
deformation scale. Conversely, as discussed in section
4c, a negative correlation between the step size and
frequency in our random walk scaling would imply that
(19) overestimates the effective lateral dispersion by
this mechanism. Meanwhile, as also discussed in section
2 and 4b, density anomalies observed during the CMO
dye studies were frequently oblique rather than parallel
to potential density surfaces, which according to (19)
would have increased the effective diffusivity due to
large events, provided their effective horizontal scale
was still not significantly less than R. Last, as discussed
in section 4c, if layers do adjust geostrophically and
then subsequently decay due to viscous damping, ad-
ditional spreading of the mixed fluid may occur during
the spindown of the geostrophic flow. Again, the ef-
fective lateral diffusivity associated with the relaxa-
tion of mixing events would thus increase compared to
(19).

In conclusion, using our best estimates of the rel-
evant parameters, we believe that stirring by the adjust-
ment of patches of weak stratification resulting from
diapycnal mixing events is important to lateral disper-
sion in the stratified waters of the continental shelf, and
perhaps other regions of the ocean. In particular, the
predicted dispersion by this mechanism is consistent
with the lateral dispersion observed during the CMO
dye studies. Despite our best efforts, however, the
CMO dye experiments still provide only piecemeal evi-
dence of this mechanism, since the temporal and spatial
resolution of the observations were often comparable
to or greater than the scales of the mixing events. Com-
pounding the problem is the fact that the velocities as-
sociated with the vortical mode are very small, only a
few centimeters per second, relative to the ambient in-
ternal wave field whose velocities are as high as 40
cm s�1 in the CMO region. As a next step, higher-
resolution (both temporally and spatially) Lagrangian
field studies will be needed to discern the processes
acting at these scales in the ocean. Additional dye-
release experiments would be particularly useful in this
regard because they naturally integrate in both time
and space and hence help to filter motions with rela-
tively short time scales from the more persistent, albeit
less energetic, vortical motions. Numerical simulations
would also be useful as a means of evaluating the pa-
rameter dependence proposed here. Both of these are
areas of ongoing investigation.
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APPENDIX

Shear Dispersion by Vortical Modes

The scaling arguments of section 3 show that hori-
zontal displacements associated with the adjustment of
mixed patches can lead to significant lateral dispersion.
A second means of lateral dispersion that can occur
during the adjustment of these patches is vertical shear
dispersion. Although this mechanism was discussed in
detail by SL, the effective shear dispersion due to iso-
lated mixing events was not well represented by their
analysis. This is because the relatively low frequency
shears associated with these events would have been
aliased as high-frequency shears due to the relatively
small spatial scales of the events, coupled with the
movement of the ship from which the shear was mea-
sured.

In our analysis of section 3 we assumed that there is
a flow, U, associated with the adjustment of mixing
events. Let us now further assume that to lowest order,
this flow occurs on the same vertical scale, h, as the
mixing event itself. Hence, the adjustment of an event
will lead to a vertical shear of order

� � U�h. �A1�

This vertical shear combined with the vertical diffu-
sivity creates the shear dispersion of interest. We now
show that the relaxation of diapycnal mixing events
leads to shear dispersion that is less than the effective
lateral dispersion due to the horizontal displacements
associated with such events. To do this, we combine the
scaling analysis of section 3 with the results of the shear
dispersion analysis of SL.

Assuming a linear shear dispersion model, the effec-
tive horizontal diffusivity for an oscillatory shear of am-
plitude � and frequency � scales as

�H �
�2

�2 �B �A2�

(Smith 1982; Young et al. 1982; see also SL). (A back-
ground diffusivity �B, which acts during the adjustment
of a patch, has been introduced here. This background
diffusivity will be smaller than �z because much of the
mixing represented by the latter occurs during the mix-
ing event that creates the patch rather than during the
adjustment phase when the shear develops.) Alterna-
tively, for a steady linear shear acting over a time T, the
rate of change of tracer variance, that is, the effective
horizontal diffusivity, scales as

�H � �2T2�B �A3�

(Smith 1982; see also SL). In this case, the description
of the variance in terms of a horizontal diffusivity is not
strictly appropriate since the variance grows as the third
power of time; however, by writing the horizontal vari-
ance in this way, (A2) can be compared directly with
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(A3). Specifically, comparison of these expressions
shows that for a linear shear, the effective horizontal
dispersion by vertical shear dispersion is given by the
product of the shear squared, a time scale squared, and
the vertical diffusivity. In the case of an oscillatory
shear, (A2) shows that the appropriate time scale is
given by the period of oscillation. In the case of a mean
shear, (A3) shows that the time scale is the duration for
which the steady shear persists.

Equation (A3) can be used to estimate the effective
lateral dispersion by shear dispersion in the context of
the relaxation of diapycnal mixing events. The shear
associated with the adjustment (and the ensuing geo-
strophic flow) can be estimated from (A1). Meanwhile,
the duration of the shear can be approximated as the
relevant adjustment time scale of events. Last, the ve-
locity scale for the case of geostrophically adjusting
mixed layers was given by (16). Combining these re-
sults, we obtain

�H �
h2�N4

L2f4 �B � �N2

f2 ��R2

L2��z, �A4�

where we have assumed the time scale T � 1/f and the
last inequality results since by definition, �N2 � N 2,
and since �B � �z. This says that the effective shear
dispersion due to the adjustment of diapycnal mixing
events is less than the effective horizontal dispersion
due to horizontal displacements associated with these
same events [i.e., see (19)]. An analogous result can be
derived if we consider the effect of the Ekman number
on the displacement time scale. In addition, similar re-
sults can be obtained for the cases of ageostrophic ad-
justment. Thus, in general, we find that shear dispersion
during the adjustment of the patches scales with the
between-event diffusivity in the same way that �H due
to isopycnal motions scales with the dominant diffusiv-
ity; the latter, however, is much larger.
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