Math Review

We are already familiar with the concept of a scalar and vector.

Example: Position (x, y) in two dimensions

-

1
s=(x"+ y2)2
where s is the length of

X=(x,y)=xi +)f
And

i, j are unit vectors in the “x” and “y” directions respectively with

i =1
Jjej=1
i+j=0

We also write x, , j=1,2

or

x,=123...

Matrices are “two component” objects with the same number of rows and columns



nn

A, (row, column)

Concept of vector Magnitude
V is a Vector
‘17‘ is the magnitude of a three dimensional vector

1
=02 +v) 12y
Note that sometimes the subscripts 1,2,3 are used for x,y,z.
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Matrix Determinant



—ay,(a,a;; —ayna,)

+ay,(a,ay —aya;;)
Dot product of two vectors
(n=3)

A-B, =Y A B =AB +A,B,+ AB,
i=1

= |A| |B| cos(60)

Repeated indices indicate summation

Matrix Multiplication

C,=4-B =4, B,
2D Example

(an a J(bn blzj _ ((anbn +ayb,) (a,b, + alzbzz)J
a, ay \by by, (ay by, +ayb,) (ayb, +ay,by,)

Properties of the determinant of a Matrix

| 4| = det(A4)

|48 =48]

Trace

Tr(4) =Y 4,
i=1

No similar rule for trace

Matrix Inverse

(AN A, =5

ik T Yk



Where &, is the unity ( sometimes called Kronecker delta) matrix with

o.=1 for j=k

y

=0 for j#k

Another useful matrix operation is the transpose defined by

A" =4,

g Jt

characterized by the rows and columns shifted.

Concept of Tensors

Objects such as scalars, vectors, matrices and others such as
B, (a “third order” object re indices) can undergo transformations (not defined yet) if

these objects remain as the same type we call these tensors.
The transformation that we will consider is rotation

E=1H

We see that |(T| = |(}|
We can also look at this problem a bit differently
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B

We keep ¢ fixed but rotate the axis. We say that we are rotating (or transforming from
the old coordinate system X, y into the new coordinate system x’,y’)

We can write

G=q.i+4q,]

G=q. 70,7

where i and j are unit vectors

Note that ¢ does not change in the coordinate transformation but rather “where it is” in
the new coordinate system does change.

Let 1, 2 refer to x, y, i.e.
9, =4.

4 =4,

i =(1,0)

j=.0

Note:

PG
F=G G
i

_ = X
=cos oyl + COS Q]

_ “ X
J =C0s,,l + COS 5, ]

o 1s the directional angle from the old to new axis and we have used our definition of the
dot product.

Note:
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;;:1 ’j‘j=15;";'=1 ’j' i
cos’ a,+ cos’ a, =1

2 2 _
COS” a,, +Cos” a,, =1

cosq,, =cosd
cosq,, =—sinf
cosa,, =sinf

cosa,, =cosf

Then:

q,= ¢q,cosf+q,3ind
4, =—q"sinf0+q", cos
q; = Ry,

‘R‘— cos sind
17 —sin@ cos@

q, ) cos@ sind\(q
q, | —sin@ cosd q',

3D: Use directional cosines for rotation
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i=123
j=12,3
Y-r

P=@ i+ -+ kO
i =cosa,i '+cosa,,j'+cos anlg
etc.
Note

3

D cos’a, =1 foralli

Jj=i

Properties of the Rotation Matrix R

-1
R =R, =(R™),
and
det (R) =1

These properties of a matrix constitute “orthogonality” and the rotation matrix is an

orthogonal matrix.

Note the definition of the inverse of a matrix

(R_l)ij Rjk =0y



since

(R, =R", =R,

j

RR, =5,

)

Note: det ( R) =1 follows from the above equation and
det(o) =1

Physical Application of scalars, vectors, 2" order tensors:
Scalars: Temperature, Pressure, Length, Speed
Vectors: Force, Velocity, and Acceleration

2" Order Tensors: Stress tensor, Rate of Strain Tensor

Concept of Stress

Stress is a force per unit area

Given some area, A which is sufficiently small to be considered a plane surface. We

define the vector A as the magnitude of the area 4 directed normal to the surface. A4 is
now a vector! We sometimes write



A= An
Where A is the magnitude of the area and 7 is a unit vector in the direction of A

Stress is defined as force applied on a particular vector area. We will show that stress is a
second order tensor. Shown below is a figure of Cohen and Kundu. Note the directions of

the 1,2,3 directions. We define 7, as the force in the on area “i1” in the ““j” direction. See

Figure below.
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In three dimensions we can write the stress tensor as (in matrix form)

Note that the force on an area A is given by



Coordinate Transfer of second tensors (matrices)

Consider some 2" order tensor B’

' T
B,'=A4,B, A,

ij i

We can write Bl,j as

B, :%l@j +B,)+(B, —Bﬁ]

B; =C;+ D,
Note that
c=C’

and thus C;, = C, is symmetric

and D; =—D, is antisymmetric

D=-D"

Theorem: you can find an orthogonal transformation (rotation)
R, such that it will “diagonalize” a symmetric 2" order tensor

(. T —
Cij - Rie CekRkj - ){’ié:j

The quantities A, are called the eignenvalues. This equation can be interpreted as

transforming C;
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¢, G, C
C=1C, ¢y G
Gy, G C
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Into A, are called Eigenvalues

A 0 0
c,=10 4 0

0 0 A
NOTE: det(C") = det(R) det(C)det(R)
det(C") = 442,

Since det(R)=1

det(C) = 44,4,

Also it can be shown that

R,R,C,R,=A6,R

ni’” vei ek i ni

—=nbbadaned =

results in

C,R,; = A48,R, = AR

10 i T nj
Which is the eigenvalue and eigenvector Equations.
We can also write the above equation as

(Cen _//i’_/'é‘ln )Rm. = O

resulting in
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det(C,, —1,6,) =0

or

Cll - 2'1 C12 C13
det| C, C,, -4, C,, =0
C13 C23 C33 - 1'3

This equations determines the eigenvalues 4,

Once your A’s are known, the eignefunctions can be calculated.
Example Rate of Strain tensor for a pure shear.

We will be examining in the next lecture the rate of strain tensor defined as

. Ou.
Ef:l(%'Fi)
T2 ox,  0x,

Note that  E, =E and E, is symmetric. For a pure shear, velocity is in one direction
andits gradient is perpendicular to it. Consider a two dimensional flow u, with

u,=0

du,

dx,

0 T
E =

where ' = il

From above we obtain the eignenvalues from

A T , s
det =A"-T"=0
r 2

= A=1T



yielding

A =T
A, =-T

The eigenfunctions equations are

E,R,=AR

)

{0 F](Rll RIZJ:(/%RH ﬂ“ZRle
F 0 R2] R22 j’lRZI /12R22

(0 FJ(RH RIZ] _ [ﬂ’lRll /Ilezj
' 0)\R, Ry ARy AR,
row#1* columnl

R,I'= ﬂ’lRll =I'R, =R, =R,
row#2* columnl

R I'= /11R21 =I'R, = R, =R,
row#1*column?

R,I'= ﬁlez =—TR, =Ry, =-R,
row#2* column?

R,I'= ﬁ“szl =-TR, = R,=-R,

Solving and requiring that det (R ) =1

Results in



I 1
|
I 1

V22

R

Which represents a rotation of 45° !

Each column of R represent the two eignefunctions.

Math Operation
We have already discussed the “dot” product

Xi-Yi

Note that the dot product of two vectors yields a scalar.
The Cross Product of two vectors yields another vector.

AxB=C

‘6‘ = ‘ZHB‘sinH
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C is directed perpendicular to the plane of A,B by the right —hand screw rule and
points out of the paper, which is indicated by the “&x’.

Levi-Cevita Symbol €, also called the Alternating Tensor. It is a third order tensor!

One of its main usage is in defining the cross product.

1 for 1, j, k in sequence
€= -l for 1, j, k not in sequence
0 ifany two indices are repeated
examples
€13 =€, =65y =1

€15 =€13, == —1

An imp[ortant relationship (qwhich is also a homework problem is

€k Etim= 0,0 1y — 010

ie™” jm im~ je

One can write
C = AxB

C =e, A.B

i ik 7]k

Vector Calculus
We want to generalize some one-dimensional calculus ideas to 2 and 3 dimensions

F=F(x)
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F :F(x)zj‘fz—idx

If F(x) =0, X — -0

Sometimes a function has more than one variable
F(x,y,zt)

Which we can write as

F(%,1)
Consider:
o
ox,
i=1,2,3
X =
Where
X, =y
X, =z
oF _oF
ox, Ox

Implied is y,z, are held constant.

oF OF . F(x+0x,y,z)-F(x,y,z2)
== limg
Oox, Ox ox
6 0
ox,
G=VF=6—F?+6—F]+8—FE
ox Ox ox

Curl of a vector



VxH

H(x,y,2)

VxH take derivation in direction perpendicular to H and then form a vector component
perpendicular to both of them/

C=VxH =€ oH,
Ox;

Consider some function

¢=¢(x.9.2)

The equation ¢ = ¢(x, y,z)=C

C is a constant defines a surface in three dimensions.
Solve for say z = F[x,y;C]
We can write

vp=27.:275,%
Ox ox ox

However if ¢(x, v, z) were constant then

Vg=0
Thus



V¢ is perpendicular to the tangent to the surface ¢ = Constant

Gauss’ Law

In one dimension fro F = F(x)

J.—dx —F(a)

Consider now the three dimensional situation
j—d3 = [ Fa4,

where the area d4,1s normal to the volume and represents its surface. An important
subcase is Gauss’ Law

jv-ﬁd3x=jﬁ-d21

Stokes Theorem



j(ﬁxﬁ)-dA =jﬁ-d§
Around loop
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