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 CHAPTERVI.  DISCRETE DATA ANALYSIS PROCEDURES 

 
Although geophysical processes are a continuous process in time, they are seldom sampled 

continuously and never for infinitely long periods.  Thus we must take discrete, equally-spaced 

samples over a finite interval.  This procedure of so called "digital recording" provides high 

resolution and ease of subsequent analysis if done properly.  However improper discrete 

sampling can lead to the aliasing of higher frequency energy into lower frequency energy. 

 

GOAL 

To understand how to sample the geophysical signal properly so that the statistics of the 

geophysical process can be estimated accurately. 

 

A. Sampling and Aliasing 

What is aliasing? 

It is a confusion of information in going from the time-domain to the frequency- domain.  One is 

said to alias energy from higher frequency energy bands into lower frequency energy bands. 

 

Why does it arise? 

It arises because our discrete measurements do not resolve all of the signal variability properly. 

 

Aliasing: An Intuitive Perspective.   

Consider a monochromatic sinusoid (see Figure VI.1)  

u(t) = a sin 2πt/To     (VI.1) 

that is sampled at time intervals Δt > To/2 to produce a discrete series ut.  An attempted 

reconstruction of the original sinusoid from ut fails because of incorrect sampling. Specifically 

The incorrect sampling has had the effect of "aliasing" the higher frequency (fo = 1/ To) energy 

of the original sinusoid into the lower frequency (f’ = 1/ T') energy of ut. 

 

The problem is that    

T >t 2 oΔ  or   
2
T >t oΔ  .      (VI.2) 
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Figure VI.1 A sine wave of period To is discretely sampled at an interval Δt > To/2.  The reconstructed signal has a 
period T' > To. 
 

Looking for a compact criterion, we rearrange (VI.2) to produce 

  f 2
1 = 

t2
1 > 

T
1

s
o Δ

,     (VI.3) 

where fs is the sample frequency. Then inserting the cyclic frequency fo = 1/ To of the original 

sine wave into (VI.3) gives  

f = f 2
1 > f Nso  ,     (VI.4) 

 

where fN is the Nyquist frequency. Thus our intuition suggests that in order to resolve the 

original signal well enough to avoid aliasing that 

 

t
To Δ≥ 
2

      (VI.5) 

Aliasing: An Analytical Perspective   

The true spectral energy density function (or spectrum) of our given sinusoidal signal u(t) is 

Suu(f) - a pair of lines at  +fo lying between the sample frequency fs and Nyquist frequency fN = ½ 

fs (see Figure VI.2).  

 

Figure VI.2 The true two-sided spectral density function Suu(f) of a sine wave with frequency fo > fN = 1/2 fs. 
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However, as we will explain below, the estimate of the true spectrum Suu(f) is given by 

(f)Ŝ  
f
f 

f
1

uu
ss
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛π  ,     (VI.6) 

where the (f)Ŝuu  is the Discrete Fourier Transform (DFT) of ut (see Figure VI.3). Clearly the 

energy in the line spectrum located at fo has been aliased into a lower frequency. In what follows   

we shall see how to calculate the position and value of alias if the true spectrum is known.  

 
Figure VI.3. The estimate of the true spectrum of a sinusoid with a known frequency of fo - based on a Discrete 
Fourier Transform of a discrete series. Note the locations of the sample frequency fs, Nyquist frequency fN, and the 
frequency f=of the estimated spectrum of the sinusoid. 
 
To understand aliasing from an analytical viewpoint, we select discrete values from the 

continuous time series u(t) at times t = nΔt, such that ut = u(nΔt). This sampling process (see 

Figure VI.4) is expressed analytically in terms of the shah function according to 

,   t)n -(t   = 111(t)
-=n

Δ∑
∞

∞

δ      (VI.7) 

where Δt is generally different from 1. 
 

 
Figure VI.4 The sampling of a continuous geophysical process u(t) to produce a discrete series ut . 
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Recall that the: 

(1) Sampling operation in the time domain is 

t)n -(t  t)u(n  = 111(t)u(t) = u
-=n

t ΔΔ⋅ ∑
∞

∞

δ  ;     (VI.8) 

  (2) Fourier transform of the shah (Bracewell) is 

 111(f)  111(t)⊃  (VI.9)

 

  

(3) Convolution of the shah and u(t) leads to a sum of shifted versions of u(t) or 

t)n -u(t   = u(t) * 111(t)
-=n

Δ∑
∞

∞

.       (VI.10) 

Now given u(f) - the Fourier Transform of a continuous u(t) - 

u(f)  u(t) ⊃         (VI.11) 

and (f)û - the Discrete Fourier Transform (DFT) of discrete ut - 

(f)û  ut ⊃  ,       (VI.12) 

(VI.8) into (VI.12) becomes 

 ] )(111)((f)û[ 111(t)]  u(t) = [ut ffu ∗=⊃•     (VI.13) 

where the right hand side is a convolution operation given by 

)n - u(  =  )111()u( )(u
-=n

sfffff ∑
∞

∞

∧

∗=    (VI.14) 

which recalling that fs = 1/Δt is the sampling frequency and noting that this process features a 

summation of the shifted versions of the true Fourier transform of u(t) (Figure VI.5).  

 
Figure VI.5.  The continuous true Fourier Transform of the continuous process u(t). 

 
Thus the DFT of ut [ (f)û= ] (see VI.14) equals the sum of the Aprincipal alias@ of u(f) centered on 

zero frequency and an infinite number of aliases (or replications of u(f)) at integer intervals of fs.  
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Figure VI.6.  The DFT process produces a replicated set of aliases of the true continuous Fourier Transform; each 
centered on integer multiples of the discrete sampling frequency.   

 
In the general, there is a significant amount of energy at frequencies greater than fN = 2 fs, so that 

the adjacent aliases overlap. Since (f)û  is a sum of all of the individual aliases (see Eq. VI.14), it  is 

hopelessly "aliased" - that is, there is no way to untangle one alias from the others and thereby 

reconstruct a reasonable picture of u(t) in either the frequency or time domain. 

 

However, if u(t) and thus ut is properly band limited ( i.e. f 2/1 > |f|for  0= u(f) s ), then the 

adjacent replicated versions of u(f) will not overlap (see Figure VI.7). 
 

 
Figure VI.7. Replications of the spectra of band-limited series u(t). 

 

• How is a Aproperly@ band-limited version of a general ut obtained?   

• Alternately, what is the optimal sampling frequency fs of a process u(t) that is known 

to have insignificant energy at frequency > fmax (i.e. band limited) to avoid alaising?   

The answer is that the Nyquist frequency must be greater than fmax  
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f  f 2
1 =

f  
2

1 = f

maxs

maxN

≥

≥
Δτ       (VI.15)

[Note:  In anticipation of the following analysis, we have changed time interval Δt to time lag Δτ.]  

Therefore in order to obtain an unaliased representation in the frequency domain, one must sample 

(in the time domain) according to 

 .   T 2
1 = 

f2
1  max

max

≤Δτ      (VI.16) 

where Tmax corresponds to fmax. 

 

 
Figure VI.8.  A schematic of the spectrum of a process with no energy at frequencies> fmax . 

 

In fact, the Sampling Theorem States that  IF 

f 2/1  -1
max≤Δτ       (VI.17) 

  

THEN the continuous function u(t) can be reproduced unambiguously from the sampled version ut. 

 

• How do we obtain the principal alias of (f)û ? 

Assuming fs = 1/Δτ, consider the use of the modified gate function  

   )
f
f(  

f
1

ss

π      (VI.18) 

or alternately 

)(f ττπ ΔΔ      (VI.19)  
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Figure VI.9 A modified gate function 

 

. )(f  (f)û = )
f
f(  

f
1  (f)û = u(f)

ss

ττππ ΔΔ••    (VI.20) 

 

This yields the true Fourier transform of u(t), which can be Inverse Fourier Transformed (......) to 

recover u(t).  How do we obtain u(t)? 

The answer is by Inverse Fourier Transforming; that is u(f) = u(t) or  

)(f  (f)û = u(t) ττπ ΔΔ•     (VI.21)  

which can be expressed as 

.     )(f   * (f)û = u(t) τπτ Δ•Δ     (VI.22) 

 

Since , )
a
SF( 

|a|
1  f(ax) ⊃  

, )sinc(t /  * u = u(t) t τΔ     (VI.23) 

 

where 

. tsin = t sincor   
)t(

)t sin(
 = )tsinc( ⎟

⎠
⎞

⎜
⎝
⎛

′
′

′

Δ

Δ
Δ τπ

π

τ
π

τ
π

τ
  (VI.24)

Writing this convolution integral in the integral form, so as to obtain a continuous u(t), from ut,  

, d )t-( sinc u  = u(t)
-

γ
τ
γ

γ Δ∫
∞

∞

    (VI.25) 

yields 

where γ is the dummy time variable. 
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)n -(t  )u(n  = u
-=n

t τδτ ΔΔ∑
∞

∞

    (VI.26) 

Substitution of ut, which is 

. d ...] )-( + )( + ) + ( [....  )t-( sinc  = u(t) )u(
continuous

-

γτγδγδτγδ
τ
γ γ ΔΔ

Δ
↑

∫
∞

∞

  (VI.27) 

leads to 

....] + )u(2 2t- sinc + )u(

)t-( sinc + u(0) )(t /  sinc + )u(- )t+( sinc [.... = u(t)

τ
τ
ττ

τ
τττ

τ
τ

Δ
Δ
Δ

Δ

Δ
Δ

ΔΔ
Δ
Δ

  (VI.28) 

The impulse functions, when evaluated, lead to the following finite sum of terms 

Therefore we can form the continuous series uniquely from the discrete values. 

 

2. More on Aliasing 

As defined previously, the power-spectral density function is the Fourier transform of the 

auto-covariance function.  The auto-covariance function Ruu(τ) is a function in the time domain.  If 

the original time series u(t) is sampled at fixed time increments Δt, then the auto-covariance 

function can only be determined at discrete values of τ, Δτ = Δt. 
 

 
Figure VI.10 Sampling a continuous time series at intervals of Δτ. 

 
 

Also, if the original function u(t) is band-limited to f # fN then the Fourier transform of the auto-

covariance function Ruu(τ) will also be zero for f > fN. 
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Thus, IF the continuous function u(t) is a band-limited to f # fN and  IF u(t) is sampled at 

Δτ, then its discrete auto-covariance function is also a band-limited.  Thus all of the foregoing 

discussion about transforming a discrete time series to the frequency domain [ i.e. (f)û  ut ⊃ ] also 

applies to transforming its auto-covariance function to the frequency domain [i.e. (f)Ŝ  )(R̂ uuuu ⊃τ . 

]. Thus  (f)Ŝuu is the sample two-sided spectral density function (Figure VI.11), which consists of 

an infinite number of replications (or aliases) of the true spectrum Suu(f), which is computed from 

the continuous Ruu(τ).  Since we have wisely chosen f 2/1  max≤Δτ , the aliases do not overlap and 

one can obtain the true spectrum by looking at the principal alias centered on f = 0.. 
 

 
Figure VI.11 Replicated versions of the true spectrum of a band-limited process. 

 

The further advantage here is that the auto-covariance is an even function and therefore its Fourier 

transfer is also an even function, i.e. it is symmetric about the origin.  This means that if we have 

some known energy at f š fN (i.e aliasing), then we can predict where it will show up in the 

spectrum.  For instance, if one suspected 60 cycle noise was present he could see where this would 

show up in the spectrum.  Suppose the true representation of the principal alias looked like the  

 
Figure  VI.12. Then the sample spectrum (f)Ŝuu would be the aliased as shown in Figure VI.13. 
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Figure VI. 13. The true spectrum of a process u(t) with a concentration of energy at fa > fs/2. The sample spectrum 
(dashed) is aliased because of the higher frequency process in u(t) (solid) has not been sampled Aproperly@. 
 
We see that the high frequency part of the true spectrum (i.e. at f š fN ) is folded back at fN and 

added to itself in the aliased sample spectrum (f)Ŝuu ; i.e  is the sum of the true spectrum and the 

folded portion.  Obviously energy at high frequencies fold, or alias, into lower frequencies, never 

the other way around.  Specifically, if there is a peak in the spectrum Suu(f) at fa = fN + Δf, then it 

will be folded back and appear at f = fN - Δf in the sample spectrum.  In general for frequencies f in 

the range f  |f| N≤ the higher frequencies fa which are aliased with f are given by 

f).  Kf(2 ... f)  f(4 f),  f(2 = f NNNa ±±±     (VI.28) 

Because of the apparent folding back of the spectrum on itself, the Nyquist frequency fN is 

sometimes called the folding frequency.  Notice that this apparent folding about fN would not 

occur, if Suu(f) were not an even, function.  Superposition of aliases would still occur if Suu(f) were 

not even but it would be much more complicated. 
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B. Linear Filters                                                                   
Sensors and finite length data records have an intrinsic filtering effect on the rich mixture of 

variability in natural processes; that is they are frequency band-limited.  Further, it can be useful 

to filter the data during its processing and analysis phases in order to suppress wiggles at certain 

frequencies. The final data product is inevitably a mixture of both filtering contributions. 

 

Unlike the real ocean, there are no non-linearities in the filtering operations that we will 

consider. These linear filtering process will be explored by considering a “black box” that 

contains a filtering operation that transforms an input u(t) into an output v(t) as shown in the 

schematic, in which the H(f)  represents the transfer or filtering operation. 

 

u(t) →     H(f)     → v(t) 

 

A LINEAR filtering operation, which can also be designated as  

  u(t) → v(t)                                                                           (VI.29) 

input  output  

can be thought of as a convolution integral. 

 

Time (and space) invariant filters conform to the following properties. 

(1) If  u(t) → v(t) ,      (VI.30)  

then  u(t + τ) → v(t + τ). 

  

(2) If  u1(t) → v1(t)       (VI.31) 

and  u2(t) → v2(t)   , 

then  u1(t) + u2(t) → v1(t) + v2(t). 

  

(3) Furthermore for any constant a      (VI.32) 

au(t) → av(t).  

   

 



28 February 2008    ch6 Sampling, Filtering Function 8W. S. Brown  12

 

Linear filters have the important property that they do not confuse frequencies!  

To explore this property, consider the following filtering operation 

 ) +ft (2 cos B  ) +ft (2 cosA ψπφπ →              (VI.32) 

where A, B, φ, and ψ are real constants in time (space) and f is the cyclical frequency.... which is 

the same before and after filtering.   

Now, consider two parallel filters; one the real part of a complex number    

   u1(t) = A cos 2 πft → v1(t)                       (VI.33a) 

and the other the imaginary part 

       u2(t) = A sin 2 πft → v2(t)                                    (VI.33b)  

Now form the complex filter such that 

   ) + v(t  Ae = ) +(t  i + ) +(t  = ) +u(t ) +f(t 2i
21 ττττ τπ →uu                      (VI.34) 

Linearity allows for modification of (VI.34) 

                                              e ) v( e e = ) +u(t ft2ift2if2iA ππτπ ττ →        (VI.35)                            

                                                                                                           ↑  ------- both complex  ------------↑ 

                                                                                                                    

where ei2πft is regarded as a multiplier (in the sense of property 3).   

For τ = 0, (VI.35) becomes 

e   eA  = u(t) ft2i

(complex)

ft2i v(0) ππ →    (VI.36) 

After multiplication by eiφ (a constant) this becomes 

                                                , e   eA  = u(t) ) +ft i(2

complex

) +ft i(2 v(0) φπφπ →                     (VI.37) 

where v(0) is complex and can be written 

e |v(0)| = v(0) iθ      (VI.38) 

Taking the real part of (VI.37) 
) +  +ft (2 cos |v(0)|  ) +ft (2 cosA θφπφπ →    (VI.39) 

      B 
and further letting term , +  =   and |v(0)| = B θφψ  allows us to write 

, ) +ft (2 cos B  ) +ft (2 cosA ψπφπ →    (VI.40) 



28 February 2008    ch6 Sampling, Filtering Function 8W. S. Brown  13

which is  (VI.32) . Q.E.D. 

Three Classes Of Discrete Filters 

(a) Low Pass Filters (alias filters) used to band-limit the time series.  If the data analysts 

reduces fmax by using a low pass filter, it may be possible to reduce the number of series 

samples ut for spectral analysis.  For instance, if one suitably reduces the higher 

frequency content of a series, then one may be able to eliminate every other value of ut 

and still be able to compute the spectrum over the frequency.  Reducing the number of 

sample data ut in this way is called decimation.  This kind of low pass filtering often 

"unmasks" low frequency signals previously obscured by higher frequency energy that 

represents "noise" to those interested in the lower frequency energy. 

(b) High Pass Filters are used to remove lower-frequency non-stationarities prior to spectrum 

analysis. 

(c) Band Pass Filters, which can be made up of combinations of high and low pass filters, are 

used to limit the frequency content of a time series to a specified narrow frequency band. 

 

Types of Digital Filters 
Nonrecursive Digital Filters - involve only a finite number of input terms. 

Remember that the general relationship between a continuous input u(t) and output v(t) is a 

convolution intergral 

  d ) -u(t  )h(  = v(t)
-

τττ∫
∞

∞

 ,   (VI.41) 

where h(τ) is the weighting function (or impulse response) of the filter. The weighting function is 

related to the frequency response function of the filter according to 

.     d e )h(  = H(f) f2i-

-

ττ τπ∫
∞

∞

    (VI.42) 

Since data can be stored in a computer, a digital filter need not be physically realizable, in that ht 

or hτ need not be zero for τ < 0.  The finite sum equivalent of a discrete filtered output series 

v(nΔt) or vn with a total of N terms is 

 )u(h  = v mn-m

M

M-=m
n ∑  M±±± 2,...1,0, = m and N 0,1,2,... =n for  (VI.43) 
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where hm = h-m and M is the half width of the filter.  

Note: (VI.43) involves future values of input. 

 

For a symmetric (even) filter, the finite sum equivalent to the Fourier transform of the impulse 

response gives a transfer function with zero phase characteristics (i.e. there is no phase shift at 

any frequency)... a very important feature!  The cosine transform is applicable under these 

circumstances and the transfer function H(f), which is real, is computed according 

t  t)fmcos(2 h  m
(discrete)

M

0=ms)(continuou
2 = H(f) ΔΔ∑ π      (VI.44) 

 

Non-Recursive  Filters Involve  Output Sums Of A Finite Number Of Input Terms Only 

 

The discrete weighting function is related to the transfer function according to 

df t)fmcos(2 H(f)  =t  t)h(m =t  h
-

m ΔΔΔΔ ∫
∞

∞

π     (VI.45) 

where the hm are evaluated at discrete time lags (mΔt) only. 

 

The associated amplitude-squared response of the filter H2(f) is the pertinent quantity when 

assessing the energy transfer properties of the filter. 

**************************************************************************** 
Example:  Running Mean-Filter 
***************************************************************** 
Symmetric running average filter with a real transfer function indicating no phase shift in filtered 

time series. 

In general, the filter operation  

un →   hn →   vn     (VI.45) 

 

consists of  

(1) a weighting function, expressed as 

and , C  
1M+2

1 = h mn,m

M

M-=m
n δ∑     (VI.46) 
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(2) the convolution 

          u * h = v nnn      (VI.47) 

When Cm = C-m = 1, the filter, which is sometimes called a "boxcar" (Figure VI.23), is 

        . u C  
1M+2

1 = mn-m

M

M-=m
∑    (VI.48) 

 

,  m)(n-  
T
1  =  m)(n-  

1M+2
1 = h

M

M-=m

M

M-=m
n δδ ∑∑ ′

 (VI.49) 

where the length of the filter is T′  = 2M + 1.  (We have set Δt = 1 here).   

 
Figure VI.23 The discrete weighting function for producing a Arunning mean@; or boxcar  of M+1 terms  
 

The Fourier transform of (VI.96a) is 

t)m fcos(2 h 2 = H(f) m
m

Δ∑ π     (VI.50) 

It can be shown that for large T′ (and small f) the transfer function for a running mean filter (i.e. 

boxcar filter response) is 

fT sinc  _ 
fT

fTsin  = H(f) ′
′
′

    (VI.51) 

 

which is plotted in Figure VI.24. 
 

 

Figure VI.24 The transfer function amplitude for a running mean or boxcar filter. 
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One consequence of this form can be explored by recalling the integral representation of a time 

series (e.g. VI.77) that 

→∫
∞

∞

 df e g(f)  = u(t) ft2i

-

π  → df eH(f)  g(f)  = y(t) ft2i

-

π•∫
∞

∞

 (VI.52) 

                                          boxcar 
                                            filter 
                                           response 

 

Note here that negative side lobes (hatched) shift frequencies in their range by 180o.......A 

PROBLEM! 

___________________________________ 

 

Recursive Digital Filters 

The characteristics of a recursive filter operating on a discrete input series un where 

v h  + cu = v mn-m

M

1=m
nn ∑         (VI.53) 

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

outputspast  all

ofsummation 
 + 

input

present α
 

t = nΔt,  n = 1,2...N for Δt = 1 

non-finite set of elements 

where m = 0, 1,...M and hm = 0 for all negative values of m. 

involved) shifts (phase   e h   V(f) +  U(f)c = V(f) tfm2i-
m

M

0=m

Δ∑• π  (VI.54) 

Fourier Transforming the (VI.98) leads to 

(Note:  Replacing the complex number by Z leads to filter analysis by Z transform theory.)   

The frequency response function is 

involved) shifts phase with ;(complex!        
e h  - 1

c = 
U(f)
V(f) = H(f)

tfm2i-
m

M

0=m

Δ∑ π

  (VI.55) 
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****************************************************************************** 
Examples of Recursive Filters 
****************************************************************************** 
Application: Lowpass Filter 

    , av + u a) - (1 = v 1n-nn     (VI.56) 

where     t/RC]exp[- = a Δ  

Amplitude of the Frequency Response Function (only dealing with present and past inputs) 

         
e a - 1

a - 1 = H(f)
tf2i- Δπ

    (VI.57) 

     
tf2 cos a2 - )a+(1

)a - (1
 = |H(f)|

2

2
2

Δπ
   (VI.58) 

If RC >> Δt (i.e. the data sample interval), then 2πfΔt << 1   and  e-i2πfΔt ~ 1 - i2πfΔt so that 

    

)fRC(2 + 1
1  |H(f)|

fRC2i + 1
1  H(f)

2
2

π

π

≈

≈
    (VI.59) 

which is the familiar lowpass RC filter frequency response function as shown in Figure VI.25. 

The analyst can set cutoff frequency fcut at the required Nyquist frequency fN and choose roll-off 

(i.e. RC) so that aliasing is minimized.  

 

 
Figure VI.25. This is the energy response of the RC low pass filter.  
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 It is shown below that the half amplitude (not energy) attenuation point is equivalent to A6 db 

down@as follows 

6- ~ (-0.301)  20 = db

.5 = 
a
aFor 

a
a log 20 = db => a  Pwhen 

a
a log 10 = 

P
P log 10  1decibe = db

in

out

in

out
10

2

2
in

2
out

10
in

out
10

•

≡

α
                (VI.60) 

 
C.  Transfer and Frequency Response Functions 

 
 
The transfer function is defined graphically 

 

 

       u →   H(ω)   → v 

 

In general from (VI.37) 

A
v(0) = )H(ω     (VI.61) 

 

which generally is complex expressed in  real and imaginary parts or amplitude and phase. 

In terms of a real input (e.g. III.74b), the transfer function for a particular frequency ω = 2πf is 

 e 
A
B = )H(  iθω     (VI.62) 

where 

φψθ  -  = 
A
B = H(f)

    (VI.63) 

with output v leading input u for positive θ (see Figure III.18).  Thus the transfer function 

characterizes how a filter responds to a sharp spike in frequency (i.e. a sinusoid). 
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Figure III.18 For a linear transfer function e A
B = )H( iθω , where θ = ψ - φ, a +θ means that v leads u (i.e. the  

peak comes first at output); (a  -θ means u leads v). 

 

 So that we can now consider a realistic time series, employ an infinite number of sinusoids in an 

integral representation of as follows. Given that  

 eiωt  H(ω) eiωt     (VI.64) 

then, 

; d e )H( )g(   d e )g(  = u(t) ti

-

ti

-

ωωωωω ωω ∫∫
∞

∞

∞

∞

→   (VI.65) 

               integral representation          product of Fourier transform of u(t) 
               of general time series             and the transfer function 

 

where the Fourier transform of u(t) is 

dt e u(t)  = )g( ti

-

ωω ∫
∞

∞

     (VI.66) 

Response to a sum of spikes (impulses) in the time domain  

Consider the system response to spike in time δ(t)  

If  δ(t)  →  h(t)     (VI.67) 
impulse impulse response function 

then a general input (that is expressed as a linear combination of impulses) has an output 

described in terms of an impulse response function according to 

)t -h(t  c   )t -(t  c ii

n

1=i
ii

n

1=i
∑∑ →δ    (VI.68) 
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Response to an integral of spikes (impulses) in the time domain  

Now assume that the impulses are infinitely close together so we can consider the following 

integral representation in time domain:    

τττττδτ d ) -h(t  )u(   d ) -(t  )u(   = u(t)
--
∫∫
∞

∞

∞

∞

→   (VI.69) 

both of which are convolutions. 

An impulse response function defines the DYNAMIC CHARACTERISTICS of a constant 

parameter, linear system.  In general, for a system with an impulse response h(τ), the system 

output y(t) can be expressed as a convolution of h(τ) and the system input x(t) according to 

τττ d ) - x(t  )h(  = y(t)
-

•∫
∞

∞

    (VI.70) 

                | isn convolutio The | →←       
 

Thus the output is simply a weighted linear sum of inputs over all time.  An example for a simple 

decay response is shown in Figure III.19. 

                                   y(t) 

 
Figure III.19 The Fourier transform of the system to unit impulse input. 

 

However, for a real physical system the instrument responds to past inputs only.  Hence  

h(τ) = 0 for τ < 0.      (VI.71) 

The response of a stable real physical system is a special case of the transfer function called the 

frequency response function defined as 

   d e )h(  = H(f) f2i-

0

ττ τπ∫
∞

 ,  (VI.72) 

 which is the Fourier transform of the system response  to a unit impulse input. 
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Taking the Fourier transform of y(t) in (VI.70) yields 

   X(f) )H(f = Y(f) *     (VI.73)

where Y(f), X(f) are Fourier transforms of y(t), x(t) respectively. 

Again the frequency response function is complete and can be expressed in complex polar form 

e  = )H(f (f)i +

factorfactor

*

phase
||H(f)

gain
θ     (VI.74) 

***************************************************************************** 
Example:  Frequency Response Function of a Mechanical System 
***************************************************************************** 
 

 

 

 

 

 
 

 

Figure III.20 The movement y(t)  is the response of  mass (m) on wheels, which  is connected to a wall with spring 
(k)  and dashpot (c), to forcing by F(t).  The units are: k - spring constant [F/L]; c - damping coefficient [FT/L];  & 
m – mass [M]. [pg 43 old  B&P]; [pg 32 new  B&P] 
 

 

The equation of motion y(t) for the system depicted in Figure III.20 can be determined from 

, F + F - F- = 
dt

yd m = F ck2

2

x∑      (VI.75) 

where 

, 
dt

cdy + = F

yk  + = F

c

k

     (VI.76) 

which reduces to 

F =y k   +dt  dy /  c + dty / d m 22    (VI.77) 

or  

. F =y k  +  y c + y m &&&     (VI.78) 
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The frequency response function (FRF) is the Fourier transform of the output response of a 

system to a unit impulse input. In this case, we will assume that y = 0 for t <= 0 so that the FRF 

is 

.     H(f) dt  e y(t)  = Y(f) ft2i-

0

≡∫
∞

π   (VI.79) 

Furthermore since 

H(f) )f(2- = (f)Y

H(f) f)2(i = (f)Y
2π

π
&&

&
    (VI.80) 

 

 

the Fourier transform of (III.86) with F = δ(t) yields 

1 = H(f) k] + c f)2(i + m )f[-(2 2 ππ    (VI.81) 

so that 

]fc2i + m )f(2 -[k  = H(f) -12 ππ       (VI.82)                                     

Substituting the damping ratio (dimensionless) -defined as                                                  

 
km2
c = ζ      (VI.83) 

and the natural frequency - defined as   

⎟
⎠
⎞

⎜
⎝
⎛

m
k 

2
1 = f

2/1

n π
     (VI.84) 

   

into (III.88) leads to 

, 
f / f2i + )f(f/ - 1

/k1 = H(f)
n

2
n ζ

    (VI.85) 

which in complex polar form (i.e. e |H(f)| = H(f) (f)i- θ ), is 

                
]f / f[2 + ])f / (f - [1

/k1 = |H(f)|
2

n
22

n ζ
  (VI.86) 

. 
)f / (f - 1

f / f2 tan + = (f) 2
n

n1- ⎥
⎦

⎤
⎢
⎣

⎡ ζθ     (VI.87) 
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Plotting on Log- Log Scales; 

 

Figure III.21 Amplitude response function of the mechanical system. Note the peaks at the resonant frequency. 

 

 

 
Figure III.22 Phase response of the mechanical system is most extreme at the resonant frequency 
                                                                                                               

        

Extra Credit Problem 

Assume a force F(t) = Fo sin 2πft so that 

(f))ft-(2sin |H(f)|F = y(t) o θππ    (VI.88)  

Find the transfer function by solving (III.86) for a sinusoid input.  
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************************************************************************ 
MAR 670 - Data Analysis Methods 

(due XXXXXX) 
************************************************************************ 
Exercise 4: Filtering Time Series 
 (a)  Building Filters 

1. Assume that you are filtering hourly series with fN = ½ fs = 0.5cph. Use l_filter to generate filter weights for 
each of the following filters which are differentiated by their type and length m.  Output the filter weights. 

     Filter   fcut (Nyquists)  No.Weights = m 
  Low Pass:  Cosine   0.04   6    24,    48 
  Low Pass:  Cosine   0.01   24  
      Lanzcos-Squared 0.01    24     
  High Pass: Cosine   0.04     24 
  

2. Use l_foucof and l_arith to compute the filter transfer function H2(f) of each filter and then  use Matlab to plot 
the frequency response functions of the above filters with both a linear-linear and a log-log scales.  Experiment 
with your choice of delta-f in l_foucof; so that you resolve all of the important details of H2 (f) in the plot? 

 
3. How do the rates of a attenuation (relative to the cutoff frequency) for the different filters compare? 

 
(b)  Filtering Noise 

1. l_filter a white-noise series (noise1) using each of the filters produced in part a(1) above.  (Let ADV= 1). 
input series ---------------------------> output series 

  noise1  --0.04-cos--6wts-->  n1c_6.lpf 
  noise1  --0.04-cos--24wts->  n1c_24.lpf 
  noise1  --0.04-cos--48wts->  n1c_48.lpf 

noise1  --0.01-cos--24wts->  n1c224.lpf 
noise1  --0.01-lan2---24wts->  n1ls24.lpf 
noise1  --0.04-cos--24wts->  n1c_24.hpf 

 
2. Use l_stats (or l_lstats) to compute and compare the statistics of the filtered and unfiltered series. 

 
(c)   Filtering Synthetic Time Series 

1. Using l_filter-produced lowpas.fil; m = 24; fcut = 0.04 Nyquists; cosine, filter the following input series: 
  input series  ------------> output series 

• sine.10  ------------> sn10.lfl 
• sine10.n1  ------------> sn10n1.lfl 
• sinec.n2  ------------> sncn2.lfl 

2. Using the l_filter-produced complementary hipas.fil; m = 24; fcut = 0.04 Nyquists (.02cph); cosine, filter the 
following input series: 

 
  input series  ------------> output series 
     sinec.n2  ------------> sncn2.hfl 
 

3. Plot the filtered time-series on one plot; with same scalings as previous exercise. 
 

4. Being explicit, discuss the visual changes in the different series as a result of the filtering. 
 
(d)   Filtering "Real" Time Series 

1. Using lowpas.fil (from above) to filter 
  input series ------------> output series 
  bosslp.mhr -----------> bosslp.LP 
  bosrsl.mhr -----------> bosrsl.LP 
  bosrsp.mhr -----------> bosrsp.LP 
  aprsdb.mhr -----------> aprsdb.LP 
 

2. Using HIPAS.FIL (from above) to filter 
  input series ------------> output series 
  boss1p.mhr ------------> bosslp.HP 
 

3. Discuss the visual changes induced by filtering.  


