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CHAPTER 5B
ELEMENTS OF DYNAMICAL OCEANOGRAPHY

In the previous chapter we derived the following the continuity and conservation of
momentum equations that are pertinent to the ocean, namdy

L) ﬂ ﬂ—W—O Continuity
x Ty 19z

and he vector form of Newton’s 2™ Law per unit volume for afluid ocean

§_+(\/ N)V ——-r (2WxV)-Np-r gk +E'  Momentum

The component form of the momentum equation, in which we have neglected the less
important Coriolisterms, is
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Now let’s congder gpproximations of the above set of equations that yield the essentia
physics of a suite of ocean processes of interest. The first gpproximation isto assume
no flow acceleration. To assume a steady flow, i.e.

where® means “defined”, diminates time-dependent accelerations. Hence thereisno

© 2004 Wendell S. Brown 8 November 2004



Chapter 5 B- pg. 46

pulsing of the flow. However convective accelerations of the steedy flow (V - N)V are

dill possible. In many oceanic Stuations, these terms are small and can be negected
when compared to other terms in the equations. Thus for the following set of

considerations, we will assumethat (V- N)V » 1 and%° 0 sothat we have

equilibrium flows in which
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If we further assume that friction forces are negligible, then
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Hydrostatic Balance

Recdl that if we assume dtatic conditions or no motion (i.e., Voo ), then the above
three equations reduce to the hydrostatic balance — the for ce balance between the

pressure gradient force and the water parcel weight per unit volume according to
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We explored the implications of a hydrostatic ocean pressure field above, so that we
will move on and consider the force bal ance that |eads to horizontal geostrophic flow in

the presence of an approximate or quas- hydrogtatic ocean.

Geostrophic Balance
One of the smpler force balances is between the pressure gradient and Coriolis forces

CF, whichis illustrated in (Figure 5.21).

Figure 5.21 The generalized Coriolisforce (CF) on awater parcel with aspeed V.

The geostrophic force balance in Cartesan component form is

rfv - Ip_
ix

- rfu-m:
Ty

and leads to a condition known as geostrophic flow.

The generdized form of the geostrophic balance, in a coordinate system digned with the
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water parce flow vector, can be derived by squaring and summing the Cartesian

components so that

2 Tp”, Tp° p

re2(y2+ud)=——+—— or rflv]=—t ,
(v +u’) ix oy V] n

where| V | isthe magnitude of the total velocity and n is the coordinate perpendicular
toV with the sense shown in Figure 5.22a.

Thus, in generd, the pressure gradient force (PGF) and Coriolis force (CF) are
balanced in the direction perpendicular to the flow vector... no matter what itsdirection
(Figure 5.22b). Becausethe Coriolis parameter f is of the opposite sign in the northern
and southern hemisphere, the Coriolisforce is to the left of the velocity direction in the
southern hemisphere.

ot
b
| 4
|

=

Figure5.22a Generalized geostrophic force balance for awater parcel. The Coriolisforce I fV

balances the pressure gradient force - 0p /dn in the direction normal to the velocity

—_

V =ui + V. The Cartesian components of the velocity and pressure gradient are also shown.
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Figure 5.22b Comparison of the generalized geostrophic force balances relative to the flow
velocity vector in the northern and southern hemisphere respectively. Note generalized pressure
distribution.

Note that this geometry of the geostrophic flow Stuation ensures thet the Coriolis force

can never do any work on the water parcel (i.e. CF- V = 0) and therefore can not
initiate motion (i.e. change the kinetic energy)! Thisredization is conastent with the
fact that the Coridlis“force” isa pseudo force, (i.e., redly only an acceleration). Thus

the flowV must have been initiated by some other physical process like wind forcing — a
process that we will explore later. However, once the water is moving for more than
about a haf day, the geostrophic relation above specifies the magnitude of the pressure
gradient force required to maintain the force baance. Because geostrophic flow is

2

rv
r

the flow must be smal compared to Coridliseffects r fV . Thus drictly spesking

grictly un-accel erated by assumption,, the curvature effects (or

) associated with

geostrophic flow is horizonta sraight-line or rectilinear ocean flow.

Let’s explore the relation between the pressure field and the geostrophic flow. Firgt of
al, the hydrogtatic condition of no flow and level isobaric surfaces is replaced by
geostrophic flow and isobaric surfaces that are tilted relative to geopotentia surfaces.
How much tilt? To determine this, congder the picturein Figure 5.23, inwhich3is
positive counterclockwise. Thefinite-difference form of the hydrogtatic relation tdls us
that pressure difference d p over adistanced n isd p=gr dz . Subdituting this
relation into the finite difference form of the geostrophic relation
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—=r fVv
dn

and rearranging gives
dz_fv
dn g

Since tanl3 = dz/dn, the rdaion for thetilt of theisobaric surfaceis

tanb =fV/g. :
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Figure 5.23 Schematic of geostrophic flow on an isobaric surface tilted an angle 8 relative to a
geopotential surface.

So given a geostrophic flow velocity, the isobaric tilt can be computed; (Note that 3>
0 in the northern hemisphere). But what are the typica vaues of [3? To estimatethis,

congder thetilt of the sea surface which is nearly an isobaric surface: Assuming that f ~
10* rad/sec, g ~10° cm/sec?, and V ~ 100 cm/sec yidds tanb =10"° or aslope of 1

cm/km. Thuswe find that, athough isobaric surfaces are not exactly levd, they are
nearly so and because of that the hydrogtatic condition isalmost exact.

Now assume the isobaric surface above is the ocean surface. If the water column

bel ow the surface is homogeneous (i.e. s LT constant), then dengty r  isafunction of

pressureaone(i.e.r =r (p)). Under this circumstance the isobars and isopycnals are

pardld (Figure 5.24).
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Figure 5.24 The configuration of isobars and isopycnals in a homogeneous ocean geostrophic
flow.

Therefore, SnceV = fg tan b everywhere, the geostrophic flow velocity V is depth-

independent. Depth-independent flow structureis called barotropic flow. Thisis
specific example of geostrophic barotropic flow.

However in generd in the ocean, potentia dengty (or s . ) isnot congtant. Therefore

pt r (p) and isobars and isopycrals are generally not paralldl. Nevertheless, at each
isobarV = fg tanb . However, Snceisobar tilts vary with depth [i.e. R=R}(2)], V =

V(z) and we have ageogtrophic flow example of a depth-dependent flow thet is
genedly cdled baroclinic flow.

How iss the change of velocity with denth or velocity sheer., 11]—\/ related to the density
Z

fiedd? Consder atwo layer system (Figure 5.25) in which the surfaceisleve and the
interface between the upper layer (withr =r ;) and lower layer (withr =1, > r)is
inclined a angle R
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Figure5.25 A two layer ocean with reclined interface.

There is no horizontd PG in upper layer for z>2z! However in the lower layer, the
laterd pressure gradient is

d
=Pz 9 @4z 41,2
-(r,zo+ 1, (z+d2)
:i(rz'dl)dz
9P _yr Iz
il U r1)

Thus the geostrophic velocity in lower layer is

_ 9
Vz—ﬁ(rz-rl)tanb

2

Geostrophic Frontal Flow: The Margules Equation

Often the horizontal dengity gradients are relatively large, approximating adensity
discontinuity or “front”. These are common in the atmosphere and the ocean as well.
To explore such fronts, consider the model in Figure 5.26.
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Figure5.26. Configuration of atwo-layer geostrophic flow system.

Y our homework problem showed you that the |ower layer pressure gradient in this
studionis

dp dz
- = r P——)
n EN dn 99
|
Since the lower layer geostrophic flow (normd to the section) V., is 3—p: r,fVv.
n
dz 9z
rafV2=dlr,- )dn 1 dn

The upper layer pressure gradient and geostrophic flow is

dp* dz
in =-r,g—==r,fV;.

dn
Combining the upper and lower layer relations from above leads to

=r, -rl)—+r 2R

which can be rewritten in terms of the interface angle according to
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_ f(r,Vo-r,Vy)
g(r 27 rl)

tanb, Margules Equation

Thus, if the right hand quantities are known, then the frontal dope can be caculated.
Again assuming that f ~ 10 rad/sec, g ~10° cm/sec?, and V; = Vo~ 100 crm/sec, it
follows that

10
tanb,=10"- —;=10°
10

yidds typica dopesfor oceanic dengty interfaces of
tanb, =1 mperkm
and
tanb, =10"° = 1 cm per km.
Geostrophic Flow: Continuously Stratified Ocean

For amore generd oceanic Situation, consider the geostrophic flow inthe smoothly-

varying inhomogeneous ocean in Figure 5.27. (Note the smilarity to Figure 5.26).
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Figure 5.27 The geostrophic flow configuration of isobaric surfaces in an inhomogeneous fluid
with r gislessthanr , .
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Given what we have dready learned about computing the geostrophic flow velocity
from the geometry of the isobars, compute the differencein the veocities

(dV =V, -V,) flowing dong the p,; and p, isobaric surfaces respectively according to
_9
dV—f—(tan b,-tanb.)

qv =9 ze-d2:9
fé dn g

But the pressure difference between the two isobaric surfacesisawaysp, - p. ad is
related to the loca water density via the hydrogtatic relation;

pz_plergd ZA:ngdZB-
But because r , andr , arerelated by

_ dp
rB—rA+Hdn

our relation above becomes

r
rAgdzA=(rA+1’TT—ndn)gdzB,

which inturn can be reorganized as

r
f ddze-dzy)=- g:;—nd ndz,,

Dividing through by r , and subgtituting from above leads to the finite difference form
for the velocity difference

dV:.Lﬂ_r
r,fan
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For very smdl differences in the limit, the above relation becomes the more genera
differentia relation

cdled the Thermal Wind Relation by the Scandinavian meteorologists around 1900.
The therma wind relation shows how the positive vertical shear inthevelocity V is
proportional to a negative dendty gradient normd to the velocity. Note in Figure 5.28
how the isopycnds and isobars intersect in this baroclinic flow case.

pressure increases dong a
in negative geopotenti a surface
direction

Figure5.28. Therelationships of pressure and density fields in the thermal wind — an example of abaroclinic
geostrophic flow field in which vl > v2

Computation of Geostrophic Velocities

Asindicated earlier, thelocd partid dlfferentlaisgIO (or o for that matter) can not be

measured. However, the approximate geostrophic velocity vector can be computed
from scalar pressure measurements using the finite difference form of the geostrophic
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relaion. In fact , this procedure is used by meteorologists to compute geostrophic
winds. The surface pressure maps, which you see in the newspaper or on the nightly
TV news, are usudly aseries of high and low pressure cells like those idedlized in
Figure 5.29.
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Figure 5.29. The sense of geostrophic winds associated with pressure “cells’ composed of isobars.

Next the geostrophic and hydrogtatic relations are used to explore the atmospheric
pressure field. Assuming the following typicd atmospheric variable values

V ~ 10 cm/sec
d n~ 10°km=10°cm
r ~10°gment
f~ 10 sec’! (mid-latitude)
we estimate typical aimospheric pressure differencesof d p = Vr fd n= 10
dyneslen. Since p ~ 10° dynes/cn? = 1 bar, the pressure difference to pressureraio is

dp [atmos=0.01.
Y

Since amospheric pressures are relatively easy to measure accurately, they have been

used for about a century to estimate geostrophic winds.
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The Stuation in the ocean is very different, sncetypica oceanic variable values are:

V ~ 10 cm/sec
d n~ 100 km =10’ cm
r ~ 1gm/len?

Thusd p = 10* dynesen?, and p = r gdh ~ 10° dynesien? , and
d p/p [ocean = 0.0001 ,
whichisvery smal; making it very difficult to make direct pressure measurements that

are accurate enough to infer geostrophic flow.  Next we discuss how higoricaly

oceanographers have estimated geostrophic flow.

Method of Dynamic Sections

Oceanographers use amodified form of the “therma wind” relation, with
hydrographic station T and S data (Figure 5.29b), to compute geostophic flows.

Figure 5.29b A hydrographic section off the Oregon coast. A hypothetical geostrophic flow
profileis shown.
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The procedure for estimating such oceanic geogtrophic flow is known as the Method of
Dynamic Sections and is based on the assumptions that ocean:

1) flow isnot accelerated;
2) flow isfrictionless,
3) pressure fidd is quas-hydrogtatic; and

4) T /S profile measurements are Smultaneous (or synoptic).

The god of this method isto compute the spatialy-averaged geostrophic flow normal to
the section between pairs of hydrographic measurement ations A and B a which
hydrographic measurements were made (Figure 5.30). Y ou will notice that the
geometry of the problem is defined in terms of a quantity caled dynamic height , which

2 necmO. . :
szodyec = indicate thet this

SEeC an g

is defined as D = gz. The units of D, EfD] =

quantity isawork per unit mass against gravity or achange in geopotential.

re(ch-u \ewe|

Figure5.30 The geostrophic flow-related pressure field described in terms of dynamic heights at
stations A and B. V; and V, are the geostrophic flow components normal to this plane on the
respective pressure p; and p, surfaces.
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More specificaly, D(dynamic meter) = g z(m) ,

whereg=9.8 ms? and

1 dynamic meter =10°¢

dyne-cm
gm

Sinced p/ dz= -r g, the change in dynamic height dD = g dz can be related to

gpecific volume according to

1
dD:gdz:-r—dp=-aSTPdp : @

Subdtituting Equation (1) into the genera form of the geostrophic relaion

E]

tanb:% z

V =

—hl(Q
=
3

yields

V:EE
f qn

V:gtanb »gd—z 2
f fdn
1dD

Vo»=— 3
»fdn] ©)

where dl the Ds are referenced to a pecified geopotentia  within the earth. (Note that
the use of dynamic height eiminates the problems introduced by the spatia changes of

9.

Now apply Eqg. (3) to the velodities associated with isobars p, and p,, respectively (see

Figure 5.30) and difference them according to

1

V1'V2:f—e

D;-d ng

(4)

2

Notethat dD, /dn anddD, /dn define the respective dopes of isobars p, and p,
between observation stations A and B. Thusin terms of absolute dynamic heights, Eq.

(4) becomes
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V1‘V2:%[(D51'DAJ) -(De2-Da2)l - (59)
n

Algebraic manipulaion of Eq. (58) isolates sation A and B information into separate

terms according to

Vi-Vz= i[(DBl - Dsz) - (DAl - DAz)] . (5h)
fdn @ ®)

Thus the velocity of difference V, - V, isproportiond to the difference between [term
(a)] thedation B dynamic height difference between intersections of isobars p; and p;
and [term (b)] the corresponding station A dynamic height difference.

To compute terms (&) and (b) from observations, integrate the differentid form of the
dynamic height
dD =-aqp dp, (6)

upward from D, to D; and p, to p; respectively according to,

D1

oD =- Casrdp . (7)

D2 P2

Evduaetheintegrasinwhich g g has been divided into its contributions from the

standard ocean and specific volume anomaly according to

P P
D,- D, =[(D;- D,); +DD,;,] =- (A asordp - Od dp. (89)
P2 P2

The left hand side of Eq. (8a) has been divided into (a) the standard ocean geopotential
difference between the leve isobars, (D;-D,)s (and thus can not contribute to any
geostrophic flow ) and (b) the cumulative dynamic height anomay between isobars p;
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and p, DD,,, or

Py
DDy,=-cfldp . (8b)
p2

The latter contribution is responsible for the tilts in the isobars and hence the geostrophic

flow departure from an exactly hydrostatic, motionless ocean

Thus Eqg. (5b) becomes the Mohn, Sandstrom, Helland-Hansen (MSH)Relation

1
V:-V,=——(DD5,-DD15), 9)
fdn

P
WhHeD D1/2: = di dp
P2

The MSH relation is used to compute geostrophic velocity differences between pairs of
isobaric surfaces 1 and 2, bracketed by a pair of observation stations A and B. Figure
5.31 shows graphicdly how the geometry of the dynamic height componentsisrelated
to geostrophic flows V; and V, on their respective pressure surfaces. V; and V, are
absolute geostrophic velocities relaive to “level” isobar 3.?

A v P
ooz,
. |23 DD/, =SDD cumulative

DD,}, / ]/ v dynamic
N o height

anomaly

DD23 D2 8
Qﬁﬁm“. DD/

Va2
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Figure 5.31 Schematic of relation of the pressure field and dynamic topography for geostrophic
flow.

Sta, "A” Sta. “B" Sta, "C" Sta. D"

Observed presswre intervals
Standord pressure intervals

Arbitrory reference surface

Figure 5.32 The cumulative dynamic height anomaly structure of four selected isobars (relative to
the standard ocean pressure levels) for afour station hydrographic section. (Von Arx).

The schematicin Figure 5.32 graphicaly shows the rdationship between the dynamic
height, D, dynamic height anomaly, DD , and the cumulative dynamic height

anomay, é DD, and the standard ocean (S= 35%, T = ONC) pressure intervasfor a

reglistic oceanic Stuation. Here we have assumed that the p, isobar isaleve of no
moation, that is, it is“level” reative to a geopotentiad surface and thus no geostrophic
flow exigs a thet level.

Note that the assumption of alevel of no motion permits the computation of absolute
velocity at each level. Otherwise only relative velocity can be computed. Therefore
this method is only useful in providing information about the baroclinic component of the
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ocean flow. It provides no information about the barotropic component of the ocean
flow.

An example of the gpplication of this method to the Antarctic Circumpolar current - an
essentially geostrophic current - isin Figure 5.33. (The names suggest the importance
of wind forcing to the flow.) This barodlinic current isnotablein that it ismodestin
amplitude but associated with the largest transports in the world's ocean.
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Figure 5.33. Southern Ocean surface circulation with mean positions of the Antarctic and

subtropical convergences. The Cape Leeuwin, Australia, to the Antarctica hydrographic transect is
indicated. (aPickard and Emery adaptation from Deacon, “Discovery” Reports, by permission).
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The laterd varidion in the vertica shear in the geostrophic current is detailed in the
Figure 5.34 comparison of pressure field and specific volume anomaly digtributions.
Note the trangtion from lowest flows near Audtrdiato highest speed corein the centrd
ocean to the more modest currents near Antarctica. Also note depth to which the

currents persst.
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Figure 5.34 (Lower) Distribution of the anomaly of specific volume 10°d in avertical section from
Cape Leeuwin, Australia, to the Antarctic Continent (see Figure 5.33). Upper: Profiles of the
isobaric surfaces relative to the 4000-decibar surface. The corresponding geostrophic velocity is

indicated.
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The surface dynamic heights of the Atlantic Ocean relative to an assumed leve of no
motion at 4000 db are contoured on the Figure 5.35 map. The units of the dynamic
topography are in dynamic-centimeters (dyn-cm). In this case the surface dynamic
topography is reldive to the assumed level of no motion. (Maps of dynamic
topography can be produced for mid-depth pressure surfaces as well.)
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Figure5.35 Surface dynamic topography for the Atlantic Ocean (dyn.cmrel. 4000 db) (Tolmazin).

In 1924, Wust used Gulf Stream temperature and salinity measurements (Figure 5.36a)
with the Mohn, Sandstrom, Helland- Hansen relation to infer the geostrophic flow
structure. The observed leve of no motion was used in the Wust caculation. The
gmilarity of the geostrophic current estimates to the direct current observations

provided convincing evidence of the utility of the method of dynamic sectionsif a
© 2004 Wendell S. Brown 8 November 2004
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redigtic level of no motion could be determined.
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Figure5.36a. (left) Observed temperatures and salinitiesin the Straits of Florida, (right)
Magnitudes of the current through the straits according to direct measurements and computations
on the distributions of temperature and salinity. [after Wust (19240 - From H.U. Sversdrup, M.W.
Johnson, and R.H. Fleming, 1942, The Oceans, Their Physics, Chemistry, and General Biology,
New York: Prentice-Hall.]

However until recently, smultaneous coincident current profile measurements were rare.
Thus avariety of indirect methods for estimating the level of no motion have been tried
over the years. For example, the surface dynamic height structure (relative to 2000db
level of no mation in Figure 5.36b), based on other across-Gulf Stream T/S
messurements (1s4lin,1936) show where the maxima of the geostrophic surface flow of
the Gulf stream would be found. Note the indication of a southward geostrophic flow
(rel 2000db) east of the Gulf Stream.
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Figure 5.36b. The surface dynamic height determined using the MSH method and T/S
measurements along of an across-Gulf Stream section from the edge of the US continental shelf on
the left to Bermuda on theright. (in Knauss; after Isdlin, C. O'D., 1936).

Recently oceanographers have begun estimating surface geosirophic flow from the
ocean surface topography measured directly with satellite radars (see Figure 5.37).
Therefore absolute degp geostrophic current structure computed using the MSH
relation can now be referenced to a “known” surface geostrophic current.
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Figure 5.37 The SEASAT dtimeter measured the distance between the satellite and the ocean
surface (H). Sealevel elevations/depressions rel ative to the geoid are typically less than £20 cm but
near western boundary currents like the Gulf Stream can beasmuchas1m.

The swiftly moving satellite uses accurate radar to measure the distance of the ocean
surface (H) relaive to its own position. Then departures of the ocean surface from a
“known” geoid can be estimated and used to compute surface geostrophic flow normd
to the path of the satdllite track as done for a SEASAT dtimeter transect across the
Gulf Stream in 1978 shown in Figure 5.38. One advantage of satellite dtimetry isthat it
produces atruly synoptic measurement along its particular track. A companion
disadvantage of satellite dtimetry isthat its area coverageis usudly limited. Nevertheless
the gpproximatdly 20 daysiit takes for alarge scae satellite survey of theworld's
oceans isdill far faster and less expendgve than a comparable ship survey (even if the

latter could be done).
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Figure 5.38 Estimates of the surface geostrophic velocity along a SEASAT altimetry transect
crossing the Gulf Stream. The measurement noise seen in the 25km estimates in the lower panel is

reduced by 100km alongtrack averging in the upper panel record. (From Wunsch and Gaposchkin,
1980).

Perhaps more importantly - absolute geostrophic flows are inferred. In contrast the
shipboard method which aways depends on assuming alevel of no motion. The mgor
disadvantage of the satellite dtimetry isthat it provides no information on subsurface
geogirophic flow.
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Inertial Flow — A Case of Accelerated Circular Flow
Congder the case where only the Coriolis “force” acts on afluid parcd, with a

V =ui +V . The componert form of the momentum equation, in this case, is

%:f\/
at

where the flow is accderated.

It can be shown (and you have the opportunity in Problem 5.9) that the parcd movesin

acrcewith asteady speed V = Ju? +v2. For inertid motion, the Coriolisforce acts
on awater parce done, producing auniform circular motiort clockwise only in the
northern hemisphere and counterclockwise in the southern hemisphere.

Xafe

Figure5.39a Balance of forcesfor the uniform circular motion of inertial motion.

Thusthe dynamicsof inertial motion can be thought of as a dynamic baance between
two pseudo-forces, namdy the Corialis force (which symbolically hereisf;) and the
centrifugal force CF that is associated with the acceleration of circular motion (see
(Figure5.39a). Thus the force balance (per unit volume) for inertid motion is

V 2

f=rfV=r —=CF
R
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and theradius of thecircleis

which you will noteisindependent of R! Theinertial period T isone hdf of a
pendulum day which is defined as. A pendulum day isthe time it takes for the vertica
plane, in which a pendulum swings, to rotate 2p radians or 360° relative to the earth a
a particular laitude (eg., Foucoult's pendulum).

Examples —

At the north pole f =90°=> f=2x(0.729x 10*s") sn 9°

f=1.458x 10* st
V =10cm¢*
= 10 =0.67x10°cm =0.67 km
1.5x10*
T=11.97hr
At f =30° f =0.729x 10™s
V =10cm¢*?
R=1.37km

T=86189s=23.94r

V=10°cme™® R =13.7km
© 2004 Wendell S. Brown 8 November 2004



Chapter 5B- pg. 74

Inertia motion is observed, particularly after the passage of sormswith strong winds
through aregion. Beginning in the 1960s, with the development of long-term moored
current measurements (Figure 5.39b), physical oceanographers have discovered strong
evidence of inegtid motion in current meter time series (Figure 5.39¢). One method for
digplaying the contributions of inertid motion isto plot patterns of flow displacement
past the current meter in aform called a progressive vector diagram (PVD, Figure
5.39d).

B-METER CHAIN LEADER

¥ 50 wFTERS 37 POy vRROE YL FNE

GURRENT METER

I-E' FOLYPSORTLENE N 300-METER
LEMNGTHE-CURRENT METERS 45 QESRED

:

i
|Il'." CURRENT METER
& PoLYPROR YLENE

& METERS (™ PROSFLENE

Figure5.39b Moored array of current meters (Neumann & Pierson)
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L

i
23 wm

Figure5.39c A 7-day time seriesof the eastward (E; dashed) and northward (N; solid) measured
currentsin August (VI1I1), indicating strong circular inertial motion. (Neumann & Pierson)
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Figure 5.39d A 7-day progressive vector diagram of moored current measurementstime series,

clearly indicating strong circular inertial motion superposed on alarger scale northwestward flow.
(Neumann & Pierson)
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Cyclostrophic Motion: Another Case of Accelerated Flow

Congder the case of cyclostrophic motion, where earth rotation effects are unimportant
and yet water parcels undergo smdl-scade (order 100m) uniform circular motion
(accelerated - liketheinertid flow case above) under the influence of lateral pressure
gradients. The component form of the momentum equetion, in which we have
neglected the lessimportant Coriolisterms, is

du_ 1f1p
at r x
v__ 11p
dad r Yy

Thus the force balance for cyclostrophic moation can be thought of as is between the
centrifugd force (CF) associated with the relevant uniform rotation rate ? of the fluid
and the generdized pressure gradient force (grad, p). The baance between the
horizontal pressure gradient force (grad, p) and centrifugal force (CF) for rotation in

ather direction is

where V_ =wr, w isthe fluid rotation rate, and ristheradius of curvature of

the flow. Thus the above becomes
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gl’ﬂdp_. P = —-—EF-

grads p

Figure 5.40 Balance of forcesin cyclostrophic flow.

Meander Flow: Still Another Case of Accelerated Flow

Meander flow is adynamic departure from classica geostrophic flow, in thet the latter is
rectilinear (i.e,, raight-line flow); consstent with our origina assumption of
unaccderated flow (with no curvature). Thereissignificant curvature in meander
flow, so the component form of the relevant momentum equetion is

Qu_. 19p
at r fx
v_ ., . 17p
dt r Yy

Thus the dynamics of meander flow can be thought of as a force bal ance between the
laterd pressure gradient force, the Coriolis and the centrifugd force according to

2
J_er

r

wherer isthe radius of curvature of the flow. The choice between signs depends upon

theflow direction.

For cyclonic flow (in the sense of f), such asthat found in acold core ring (right Figure
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5.41a), the Coriolis and centrifugd forces add (see upper right Figure 5.41b). Therefore

rqn
Shructure of Struchere of
warm-core anficyclonic eddies cold-core cyelonic eddies
e————~=——— —— e i T
——— — ! e '(y
e e R o g
— O I s NN
B —~——r ] ]
Y 3w
el arm

Figure 5.41a. Northern Hemisphere structure of (left) warm-core, anticyclonic eddies(right) cold
corering structure.

Figure5.41b Four possible force balances for meander flow V., = ¢ ,, (Von Arx).

Sincev,,® 0, as%@ 0, we choose the positive solution, i.e.
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- / rfe
Vo= 3% (_)+r in

For the anticyclonic flow, such as that found in awarm core ring, the centrifuga force

adds to pressure gradient force. Therefore

Vi-if v+ LR
r n
Solving yidds
vo=y |d o
" —\'2 r qn

As above, thereis no motion for zero pressure gradient, i.e. V,,® 0 as E P ® 0.
Thus the minus Sgn isthe proper one.

r‘ﬂp
r‘ﬂn
@Erfzr

n 4
i.e. pressure gradient force < Coriolis force. Infact, for smdl r in amospheric flow -

Presumably

pressure gradients are weak (calm conditions).

FRICTION EFFECTS
Frictiona effects on ocean currents are usudly confined to regions near the boundaries.

Thewind is coupled to the surface layer of the ocean through frictiona effectsin anear
surface layer. Near the bottom friction dowsthe flow aboveit. Inthe former case
momentum is added to the flow and in the latter case momentum is extracted. Soitis
not surprising that velocity profiles like the one in Figure 5.42 are related to stress, t.
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Z 4

X

Figureb5.42. Typical boundary layer air flow near asolid (or watery) horizontal boundary.

In fact on amolecular scale x-directed horizontd stressis proportiona via a coefficient
of dynamic viscosity to the vertical gradient of eastward flow according to

flu
t 5 =M—.

9z

The units of stress are force per unit area

ML/ T2

[t]= T

which can aso be expressed as a momentum flux;

_MLT
L2-T

Thus dressisthis caset, isameasure of the transport of x-directed momentum in the z
direction per unit area per unit time.

The dynamic viscosity (with units m]| = %) depends upon the molecular properties of

thefluid. A related quantity, known as the molecular kinematic viscosityn , is
defined as

with units
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[n]:[rﬁﬁ =L

A typicd vauesof n for water is 0.02 cré/sec.

Asit turns out viscous (or friction) effects that arise in the presence of turbulent flow
are much more important than molecular viscous effects. We can explore this form of
friction by first defining what is meant by turbulent flow.

Firgt we assume that a genera flow can be divided into a mean and fluctuating part.
The tempord average of atime series of a current component uis u (Figure 5.43). 1fu
is subtracted from the total velocity, then the fluctuating part, u remains.

((.:;' /- 2 AN »a

(u¢ﬁ4

o e VAR

Figure 5.43. The total time-varying eastward flow u(t) is partitioned into itstime-averaged

component U and its fluctuating component u'.

Thus we can expressthe total velodity vector as V =V + V'
where

—

\=/=UI+VJ+Wk

and

—

V' = udi + vej +wek
One way of understanding how a dress arises in aflow with turbulence is to explore the
momentum trangport in such aflow. Given atemporal mean velocity profile (Figure
5.44). Condder what happens when afluid parcd at leve z, is displaced upwardsby a
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velocity fluctuation + W to alevel z where u (z,)3 u(z,).

Figure5.44. Reynolds stressin aturbulent velocity field with amean profile as shown.
Initidly at its new level, the parcel retainsits origind velocity J(zo) , Which dower than

the surrounding fluid at thet level. Because the newly displaced parcd islagging the flow
at z, a + x-directed drag force or stressis gpplied to the parcel until it is accelerated
to the velocity of the surrounding flow. The relation of the induced drag, the + w

perturbation , and the horizonta velocity perturbetion -u = J(zo) - J(zo) intheflow a
7, isshownin Figure 5.45

w' ’D:ﬁ

Figure 5.45. Relation of mean and turbulent flow in a shear flow.

Thetime average of many of these random turbulent transport events produces a
stress S, in thefluid caled the Reynold’ s stress that is given according to

S,=-ruw¢

where the overbar ..... refersto the time-averaging process. Reynolds stressis
equivaent to the turbulent flux of momentum. However it israre that we are able to
measure the turbulent velocity components. There fore, by andogy to molecular stress,
we relate S, to the measurable mean velocity gradient with
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Tu ]
=AT—. or Jr =ns—.,
Sx=A 12 S n 2

where Afisan eddy dynamic viscosityand n; = AS /r istheeddy kinematic
viscosity . In contrast to molecular kinematic viscogtyn (which isvirtualy constant),
n®and A° depends upon flow conditions. Thus eddy viscosity variesin the different
component directions because the flow properties vary in the different directions.

Typica vaues of the vertical kinematic eddy viscosity n ¢ range between 2 and 10°

cnf/sec. Corresponding values of lateral kinematic eddy viscosityn § , (or n¢ and n 7)
are generdly larger because both the “thinness’ and the dratification of the ocean inhibit
vertical momentum transport relaive to horizontal momentum transport. Vauesof n |
vary between 10 and 10° cnf/sec.

Since eddy viscosity is so much more effective than molecular viscosty in transporting

momentum (i.e. ocean frictional processes), we will use only eddy viscogties A andn

unless stated otherwise. Although unjudtified in many cases, we will further assume that
the eddy coefficients A and n  are congtant in space and time. In terms of this new

formulation, the friction termsin the momentum equations become

N An T%u . Tu?, | A, ,fPu
x-direction r_h (F + ‘ﬂ_yz) + T (F)
. An TPV PV, LA, TPV
-direction (A=) R (—
y (ﬂ > ﬂyz) (ﬂ =)
and z-direction ﬂ(ﬂz_w +1TZ_V;I +&(ﬂz_w)
ro x> Ty ro9z°
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WIND STRESS ON THE SEA SURFACE

Thewindsin an atmospheric boundary layer are turbulent. A conceptua mode of the
turbulent boundary layer wind fidd consists of a mean wind that horizontaly transports
or advects an array of multi-Sized eddies. The average or mean winds in this turbulent
amaospheric boundary layer increase from near zero a the sea surface to its full
geostrophic vaue a eevation asshown in Figure 5.45.

We seek to determine the horizonta stress on the seasurface t _ as afunction of the

wind velocity a an devation of 15 m or Wys. Since the dimensions of wind stress

t]=MLT 2712, [r]=ML", and [Wis] = L/T respectively, we can surmise that
t =congt r , Wis.

The following elaboration shows that the above “const” is 2.6 x 10°, so that the
following empirical rlation

ts =2.6x10°%r ,\Wis
for estimating sea surface wind stress with just awind messurement a 15m elevation.

S e oy A
"th\e leve|

S

A X AV

Figure 5.45 The boundary layer average or mean wind profile near an ocean/atmosphere
boundary. The referencelevel for estimating the wind stress at the sea surface is indicated.
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To derive thisempirical relaion for sea surface stress estimation, wefirst define a

friction velocity U’ interms of the stress according to

Second we determine U in terms of W5 as follows.

Let | bethe characteristic Sze of these eddies, which are carried downstream at a
speed u(z) that depends upon their devation. On the other hand, these eddies can

sense the changes of velocity over their own diameter, d u = 2—”6 ., which we assume
z

is proportional to u” according to
du=.u*/k,
wherek, isthe empiricaly-determined “von Karmen” constant.

What length scales exist for I? The most obvious oneis the height from the surface z.
Therefore, if eddies have ascale z, at the surfaceitsdlf [in this case, 7, is aroughness
length associated with the surface wave fidd, Figure 5.46], then the eddy scde at height
zis

| =z+ z,.
Subgtituting for | and assuming thet the eddy velocity d u dso scaes with the friction

velocity u” according to

d u:d_u(z+zo)=i
dz

(o]

or
du_1

dz Ko (Z + Zo)
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Figure5.46. Flow eddies associated with surface roughness.

Verticd integration of the above or

- Z\ U*
u@ =Q————d¢
o Ko (2 z,)

yields the mean wind profile according to
_ U* 7+ 7,
u@ =—In(—%).
Ko Z

Solving the above for U’ gives

__ kU
In(Z22)
Z
which upon subdtitution into
t=r_u?
givesthe generd relation for stress
2
Lt —E
{In(=22)*

The sea surface stress, based on the 15m mean wind W s, is then given by

Ks
1500+ z,
Z
Experimentdly k, and z, are found to be 0.4 and 0.6 cm respectively, so wind stress at

the sea surfaceis

_ 2
ts—l’aW15

[In( )1’
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tg =26x10°%r W

Now we are ready to explore the effects of wind stress on the sea surface.

Ekman Flow

In 1893, Fridtjof Nansen and the R/V Fram were locked in the ice during their
expedition to the Arctic. Nansen's data showed that the Fram drifted about 20°
documented the to the right of the locd wind direction. Upon hisreturnin 1896, he
assigned the task of deriving atheoretical explaining of this observation to a graduate
student named Vagn Ekman  In 1905, Ekman published the following theory of “wind-

drift” ocean currents.

The direct effects of wind stress on the sea surface are confined to ardatively thin
boundary layer in the upper ocean. We can explore these effects by considering
smplified versons of the horizontal momentum equations

%:f\/-im

+ f
dt roqx P
dv 19p, s
—=-fu-——""+
dt r My Fy
At , €Tt uo tay €Tt Ul
where F =62 + &7 | Fy =6 +ac—yt -
Sz €Ny e i G
First, we assume thet laterd friction is negligible and that A, and n, are independent of
Z, giving
du_ g
dt nzﬂ 2
2
d_:_fu ZM
d 17

If we further assume that we have equilibrium flow and that the horizonta component of
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Np © 0, then the force balance below results.

2
fv +nzﬂ—g=0
1z

2

Vv
_fu +nz—ﬂ =
12

The solution to these equations, assuming the gpplication of a surface wind

stresst".=t . ] (northward) is called Ekman flow or
uf=v, e**’® c:os(B +E)
4 D
VE:VOepz/DS-n (E_l_E) ,
4 D

where the surface velocity v/, f/sfl_r and the Ekman depth D =p % . Thisform
n

(Figure 5.47) of Ekman FHow has not been verified experimentally. Perhaps because of
our assumption that A, (n, ) is congtant with depth.

Surface
current

Net water movement

EKMAN SPIRAL

Figure5.47 Water movements in awind-generated current in the Northern Hemisphere.
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However, if we integrate the solution above from very deep (i.e. z=-¥ ) tothe
surface. We find that the Ekman Transport is

0

My =ov-(@ dz=-12%o0 g
> rf

0
£ =t/ f
rf

Mx = Qut(@ dz=

¥

Thus the net transport in the Ekman Layer isto theright of the wind in the northern
hemisphere. This result has been verified experimentdly. Interestingly the Ekman
trangport is not dependent upon the vaue of the eddy coefficient of viscosity A,

Wheét are typical depths of the Ekman Layer? At mid-latitudes,

10m<D<400m

A

2
f 10" sectand 1o<|r—z<1o“ﬂ

SO

depending upon A..

The effects of Ekman transport are particularly evident dong the western coasts of
North American continents because they are poleward prevailing winds during certain
times of the year. These poleward winds lead to offshore transport in the Ekman layer
(Figure 5.48). Because of the presence of the coast this water is replaced by nutrient
richer water from below the photic zone. Under the proper conditionsthis leadsto
higher biologica productivity. Other oceanic and meteorological conditions at grest
distances from the coastal upwelling region can dso influence the productivity of this
region aswe will see later.
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Sea su
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Figure5.48. Wind-induced coastal upwelling and downwelling in the Northern Hemisphere. The
slopes of the sea surface and thermocline are greatly exaggerated. The arrows show direction of
water movement.

VORTICITY
In our discussions of the Coriolis “force’, geostrophy, and Ekman Fow the effects of

the earth’ s rotation on oceanic flow has been shown. This tendency of ocean flow to
turn relative to an observer fixed to the earth can be discussed more clearly in terms of a
quantity cdled vorticity: the tendency of water parcelsto circulate around a vertica or
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nearly verticd axis.
Physcdly, the vorticity is generdly defined in terms of the circulation C (ascalar)

around aline Sthat encloses an area A, according to the line integrd

G=gy xds
where V isthe flow veocity and d's isthe unit vector locally tangent to the enclosing
line S (see Figure 5.49). The units of circulation are[G] =L?/T.

Here we consider only the velocity in the horizontd plane Y, (%, y) so that the
corresponding vertica component of the vorticity (avector) is

V= —
A

for which, by convention, counter-clockwise (CCW) rotation is postive upward.

el
ds

!*1

// X
Figure5.49 The definitionof circulationina horizonta plane.

Mathematicaly, the verticad component of the vorticity can be written in terms of
horizonta velocity gradients according to

This relation emphasizes the fact that flow need not be curved (or circular) in order to
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have vorticity. In particular, Figure 5.50 shows the evolution of marked fluid parcd ina
flow with positive shear fu/fly . The marking indicates that the water parcel isboth
advected downstream and distorted. The distortion- atwist —indicates that the
flow field hes negative vorticity or - z .

YA

Figure 550 An eastward flow with northward shear advects and distorts fluid parcels, producing a
combination of translation and negative relative vorticity.

Smilaly, Figure 5.51 showsthat aflow fidd , with a positive shear v/, isthe
combination of trardation and pogtive vorticityor +z .

D)
*
\/J\
‘ Vv
T .
X

Figure5.51 A northward flow with eastward shear advects and distorts fluid parcels, producing a
combination of translation and positive relative vorticity.

Since vorticity isrelated to the rotationd characterigtics of the flow it is sometimes
convenient to express our definition of vorticity interms of polar coordinates (see
Figure 5.52). Herethe Cartesan x and y axes are replaced by the radia r and
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azimuthd q axes. Theazimuthd velocity V, which isnormd (or perpendicular) to the
radial (r-) direction, may vary with r - the distance from the center of curvature.

azimubhal
\'i’;a/‘ directron
"fr radya}

AiCecthion

Z direction
(Q‘LLLJC ot ?ajﬁ)

Figure5.52 Polar coordinate systemwithr,  , and z coordinates in the directions of the respective

— —_

unit vectors; radial i, ,azimuthal i, and upward K .

In this coordinate system, the vertica vorticity - defined as

4
rqr
@ ()

has two contributions; one due to the (term &) angular velocity of the fluid asit bends
through radiusr; and (term b) the azimuthd current shear.

Consder the vorticity implications of the following two “flow” cases.

Irrotational Flow

The azimuthd flow in Figure 5.53a is irrotational because the “marker” lines on the
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fluid parcels do not change orientation as they are alvected in the flow. The
vorticity for irrotationd flow iszero by definition i.e.z © 0.

Figure 5.53alrrotational circular flow - note the orientation of the marked fluid parcels — consists
of abalance between angular velocity with amagnitude V / I and anegative shear..

Thus the two termsin the vorticity definition must balance everywhere according to

V. v

0=—+1=

rqr
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@ (b

Since the curvature term (a) =V/r is positive definite, the shear term (b) must be
negative. The latter means that the azimutha velocity magnitude must decrease

according to

Solid Rotational Flow
Congder aredting fluid on aturntable with arotation rate w =+wKk in Fgure

5.53b. As seen by an outside observer, the fluid has a“solid body” azimutha

velocity field defined by the vector cross-product V =wxr (unfamiliar???;
see Appendix A). The magnitude of the “flow” velocity isV =wrr .

V{\"‘ =T

EC“\_:J*1*"'T1T111I"I [

Figur e 5.53b Solid-body rotary flow has an azimuthal flow magnitude V. = W r . Note the
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orientation of the marked fluid parcels.

What isthe vertica vorticity of thisflow?

Under these conditions the curvature term (8) isV/r =w ; and the shear term
(b)is V/1r = w; so thevorticity is

V= 2w ;
or twice the angular rotation rate of the fluid.

Conservation of Oceanic Vorticity on the Earth

A resting fluid on the Earth will be in solid body rotation and will have awell-defined
vorticity relative to an inertid frame of reference. We cdl this planetary vorticity,
whichis 2 timesthe loca overhead rotation rate, or f = 2Wsn f | For example, the
planetary vorticity of afluid column at the poleisf = 2W; at 30'N f = O, and at the
equator f = 0.

However a flud moving rdative to the Earth could have an additional component of
vorticity relative to the Earth - cdled relative vorticityz . The sum of planetary and
relative vorticity is caled the absolute vorticity (AV) or

AV =f+z |
rdativeto an inertid frame of reference.

The ratio of absolute vorticity and the height of the water column H on arotating Earth
iscdled the potential vorticity (PV) according to
f+z
PV = (—
( " )
It can be shown that under many important circumstances, the PV of africtionless fluid
column is conserved aong the trgectory according to

d f+z
—(—=)=0
dt(H)

or

+
= f_Z =constant .
H

© 2004 Wendell S. Brown 8 November 2004



Chapter 5B- pg. 97

Congder theimplications of the conservation of PV for the following Smple cases.

Case |: Figure 5.54 shows the guditative effects of stretching and shrinking (or
squashing) africtionless water column inan f = congtant environment.

(a)
CONVERGENCE
r===1
I I END
[} ]
1 1 t+
1 '
' ) SIDE
) | VIEW
™"
‘
STRETCH
PROOUCES + ¢
PLAN
VIEW

Figure554. Relative vorticity change due to water column stretching.

Quantitatively (and symbolicaly), determine the amount and sign of the relative
vorticity z that is produced, due to shrinking and/or stretching of the water column,

with f = f, = a constant.

For stretching: Determine z - after aninitidly motion-free (z = 0) fluid columniis
dretched to height H; > H,, where H, is the fluid column height at
t=07?
To dtart, you know that PV conservation demands that
HTZ = congtant
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following awater column for dl time.
Thusat t = O, the congtant is

congant =f,/ H, .
At somefuturetimet = t;, PV conservation demands that

f,+z,

=f /H,.

1

Thus

H
V,=f, (—-1
(= 1o (- )

o]

For ahomework exercize determine the corresponding PV change for water column
ghrinkage.

Casell: Figure 5.55 shows qualitatively that podtive z  is produced when a constant

depth, frictionless water column is digplaced from a poleward latitude to an
equatorward latitude dueto changesinf ....and visaversa.

-

" N >

<
£ decreases Y ;....? \«C Increas ey

P 4
"\s“, @
)

L tqwd'w

Figure 555 Relative vorticity change due to meridional motion.

Determine the quantitetive z  changes (symboalicdly) that are illugtrated in Figure 5.55).
Use the gpproach illudtrated in the Case | andlysis above.
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Caselll: Figure 5.56 shows qualitatively that for aStuaion in which changesin rdaive
vorticity are not alowed (i.e., z productionis zero), equatorward movement produces

water column height H decreases and visaversa.

%._T,_g ' \\\f decreases t"' ﬁ--.\v\{- Increaseo
b

\

A Equ.o-h’r

d .
“ + 0. For zero rdaive

Figure5.56 Water column stretching due to meridional motion with
dt

Show how PV conservation producesthe z changesillugrated in Figure 5.56). Use
the approach illugtrated in the Cases | and 11 andysis above.

In this chapter, we have introduced the basic dynamic e ements relevant to
understanding ocean circulation. In Chapter 6, we will use many of the concepts
presented in this chapter to explain the dynamics underlying wind- driven and

thermohaline ocean circulation.
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CHAPTER 5B PROBLEMS

Problem 5.6
Geostrophic Flow - Gulf Stream

a) The Gulf Stream flow near the surface is northward at 200 cm/sec (see diagram
below).
Assuming alatitudef = 30°N, what pressure gradient isrequired to
geostrophicaly balance thisflow? (recall that dimensions of pressure
gradient are dynes/cn?-cm).

Given a 50 km-wide Gulf Stream of uniform flow, whét is the pressure
difference across the stream in dynes/cn?.....in decibars? This
corresponds to how many meters (or centimeters) of excess water
height?

b) Which sde of the stream is higher pressure, east or west?

v(cnfseg 200 ——

100 ——

<— 50 km —»
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Problem 5.7 Water Column Dynamic Height

The diagram below sows two 2-layer water columns with different sgmea-thetas.
Cdculate the dynamic height of the surface relative to 2000 decibars (in dynamic
meters) for each water column.

? o

2| [

J

< 9¢0 900

st

&

2 200 L
W

h
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Problem 58 Dynamic Height Computations

Y ou are given the following specific volume anomaly data for two sations:

Station 1 P(db) d”10° Station2 = P d”10°
(decibars)  (cm®/gm) (decibars) (cm®/ gm)

0 350 0 650

50 300 50 600

100 250 100 550

200 150 200 400

500 100 500 200

1000 75 1000 105

1500 50 1500 60

2000 40 2000 50

(a) For the two stations calculate the dynamic height anomaly difference DDP**%
at pressures p = 0, 50, 100, 200, 500, 1000, 1500, 2000 db, according to

DDp =" d(p) dp

Hint: Try usng the following trgpezoidd rule goproximation for an integrd

g fooax =8 { 1r2litx )+ Fx ], - x2) + 20 2fix ) + 1x )]s - x5) +

+120f(x, )+ X )] (X, - Xoa) }

(b) Assuming Station 2 is 100 km directly east of Station 1, and that f = 10* sec™ ,
calculate the geostrophic velocity (at each of the levels) rdative to the 1500 db
velodty usng

v(p) - v(1500) =(1/ f)d?D" ***/dx

What can be said about the eastward velocity component?

© 2004 Wendell S. Brown 8 November 2004



Chapter 5 B- pg. 103

Problem 5.9 Dynamics of Inertial Motion

@ Congder the movement of a solid sphere (mass = m) on africtionless, rotating
plane, with a congtant Coriolis parameter =f.

If the sphere is gven aninitid northward velocity v, at an initial time (t = 0),
thenat time=t:

how far north has the sphere moved?

what isthe zond (east-west) velocity?

how far east (or west) has the sphere moved?

Hint: To answer the questions, you must set-up and solve the relevant
differentid equation for the motion (i.e.,, position, velocity and
acceleration) of the sphere. To do so, consider a spherein the figure

below,with avector V = ui +v j being acted upon by the Coriolis force
=F =miv i- mfuj,where u=d%t ad v=%.

v

(b)  Assuming aninitid northward velocity of v, = 200 cm/sec, t =5days, m=1
gm, and f = 10* sec™, what are the numerical values for the answersin part
(& ? Do your answers make sense?

(© What are the periods (hours) and radii (meters) of theinertid circles of particles
with respective speeds and latitudes of:
100 cm s* at 10° N latitude?
l1cms?! at 45° N latitude?
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Problem 5.10 Earth Rotational Effects
Bdow are three different scenarios, in which earth rotation has an effect on the motion

being consdered. Answer the questions

A. In 1913, A.H. Compton built alarge doughnut-shaped glass tube and filled it
with an agueous suspension of oil droplets to measure the locd vorticity of the
earth. If the contents of the tube were alowed to come to rest at latitude 30°,
then

(1) What woud be the angular velocity of the fluid after the glass
doughnut had been very carefully overturned in its mountings?

(2) What would the angular velocity of the fluid beif the tube were
quickly and carefully transported from rest at the equator to rest at the
North Pole (with proper precautions having been taken to prevent

freezing)?

B. For demongtration purposes, the North Pole and Southern Railway Company
maintains africtionlessflat car on which is mounted alarge and massive
frictionless horizonta turntable. The car isfrequently left on the ninetieth
meridian line in the United States, for college students to push. Some students
push the car northward without touching the turntable; others spin the turntable

without disturbing the car. What surprising events ensue in each case?

C. Certain coadtd regions of the earth have high biologica productivity because of
upwdling. If this upwelling is supported by the wind, in what direction must the
prevailing winds blow on the east coasts and west @asts of the continents in the
Northern and Southern Hemispheres, respectively?

Problem 5.11 Fluid Accderation
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A vdocity fiedld may be defined asfollows:

u (xy,zt) =57+ 3x + 2y
Vv (X,y,Zb) =0
w(Xx,y,zt) =0

(8 Compute an expression for the total derivative of the above velocity field.
Show dl work.

(b) Compute the total derivative of the velocity fiddatt =2, x=3,andy = 3.
Show dl work.

(c) What istheretio of the “local” acceleration to the “ advective’” accelerations?

Problem 5.12 Gulf Stream Slope

A typicd change in the sea surface height across the Gulf Stream is gpproximately 1 m.
Given that the Gulf Stream is gpproximately 100 km in width, what isatypica sea
surface dope (in degrees please!) across the Gulf Stream. Draw a diagram as part of
your answer and show al work.

Problem 5.13 Pressure Gradients: Hurricane-Induced

An gpproaching hurricane causes a uniform, 4m sea level rise dong a north-south
oriented coastline relaive to a point located 100-km directly offshore at the edge of the
continentd shelf. Based on this information:

(@ Wha is the direction of the pressure gradient due to the hurricane? What is the

direction of the pressure-gradient force due to the hurricane? Use a diagram and show

your chosen coordinate system.

(b) What is the magnitude of the pressure gradient force caused by the hurricane “ storm
surge’ just off the beach relative to the point located 100-km directly offshore at the
edge of the continenta shelf where the sealeve rise due to the hurricane is 0 m? Show
al work and use adiagram to help show your answer.
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Problem 5.14 Pressure Gradients: Brazil Current

Given that the Brazil Current (located off the east coast of South America) has surface
velocities on the order of 65 cn/s (about haf that of the Gulf Stream!) and an average
width of ~100 km:

(a) Edtimate the magnitude and direction of the sea surface dope acrossthe Brazil - Current.

(b) Draw adiagram to help show your answer.

Problem 5.15 Ekman Flow

(a) Off the coast of Rhode Idand a 4-knot wind blows from the west.

(1) What is the speed of the surface wind-generated Ekman current?

(2) Towhat depth does the surface Ekman current extend?

(b) Plot Ekman depth De versus f (latitude!) from 10° N - 50° N for wind speeds of
5, 10 and 20 m s wind speeds. Put al three plots on the same graph. What do the
graphs show you?

(¢) During much of the year, a seady wind blows from the south dong the “scenic”
northern New Jersey coast which is oriented north-south at 40° N. Assume Ekman
motionandr =1.0 g cm®.

(1) If the wind generates a surface stress of 2 dynes cmi?, what is the Ekman
trangport along a 1-km dretch of the beach?

(2) If the average width of the continental shelf in this region is 40 km, what
would be the magnitude and direction of the verticad velocity of upwelling
induced by the Ekman flow over the shef? Assume tha the upwdling
velocity is congtant over the entire shelf.

Problem 5.16 Ocean Currents

Long-term current meter measurements located on the continental shelf south of Nova
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Scotia show that average near-surface currents are westward at 20 cn/s.

() Cdculate the longshore (pardld to shore) and cross-shore (perpendicular to shore)
components of this current taking into account the fact that the Nova Scotia
coadtline is oriented dong a 65 degrees True compass heading. Make sure to define
and sketch your coordinate systems and velocities. Show al work.

(b) A Canadian Coast Guard search and rescue team is searching for a fishing vessd
which went down 100 km off the coast of Nova Scotia in the same area described
above. Basad on the average current velocity in the region how far along the coast
and perpendicular to the coast should the search team look for survivors 24 hours
after the vessdl has sunk? Show al work.
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Problem 5.17 Ocean Expedition Design

You are chief scientist for a physica oceanographic cruise scheduled for the month of
November. A satellite-derived sea surface temperature image shows the exact location
of a circular, 100-km diameter Gulf Stream warm-core ring (WCR) which has
separated from the north sde of the Gulf Stream south of New England. The northern
edge of the WCR is located 100-km due south of Nantucket 1dand. Assuming you sail
from Nantucket (where you maintain your own private research inditution), your
mission is to survey the WCR udng the R/V Sasquatch. Your overdl god is to
determine the temperature, sdinity, dendity, and current velocity structure of the WCR
relaive to surrounding ope weters.

Assume the R/V Sasguatch can make 10 knots (cruisng speed). Given what you
know about WCRs, a 7-day total cruise duration, enough skilled graduate students to
conduct cruise operations on a 24-hour-per-day bass, an unlimited number of XBT's
(which can be deployed when cruising at 10 knots) and 3-hours for each CTD sation

(when stopped):

(@) Design a cruise sampling “plan” (by making an accurate sketch to scae) which will
survey the WCR's surface & subsurface temperature, sdinity, and dengity structure,
the dynamic height fiedd, and geostrophic currents measured using the “dynamic
height anomaly” method described in Knauss on p. 28. Y our sketch should contain
the tota cruise track and the locations of the WCR aong with XBT and CTD
dation locations.

(b) Explan your sampling drategy/plan in words, discussng how you are making
gpecific measurements, why you are making them, and any important assumptions.

(¢) From your a priori knowledge about WCR's, what do you expect to find from your
measurements?

(d) What sorts of problems should you anticipate and plan for, and how can you

overcome them?

© 2004 Wendell S. Brown 8 November 2004



