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ABSTRACT

This paper examines the underwater acoustic source localization
problem as an unorthodox communication problem. This perspec-
tive produces novel bounds on the performance of any source lo-
calization algorithm. The search space is divided into a grid whose
cell size is determined by operational constraints. The message
transmitted by the source is the cell it is located within. The re-
ceiver uses pressure observations from a sensor array to receive
this message with a minimum probability of error. A necessary
condition to choose the correct grid cell with arbitrarily small pos-
itive probability of error is that the mutual information between
the source location and the estimate of it must equal or exceed
the entropy of the grid. This mutual information can be bounded
from above using the Gaussian channel approximation. The source
channel coding theorem then determines the minimum necessary
SNR to achieve a desired range resolution, or equivalently the
best possible range resolution for a given SNR, assuming arbi-
trarily small probability of error. The resulting resolution bound
is discussed in comparison to the Cramer-Rao Bound. The res-
olution bound is computed for typical underwater environments,
and Monte-Carlo experiments are presented for these same envi-
ronments.

1. INTRODUCTION

Underwater source localization (SL) estimates the position of an
unknown source from the pressure observed at an array of hy-
drophones. This paper focuses on the scenario where the source
emits a single narrowband tone at frequencyf and is stationary
over the observation interval. The search space will be a 2D range-
depth (r, z) plane, though the results are easily extended to include
bearing.

The traditional approach to SL is estimation theory. The lo-
cation is considered an unknown parameter to be estimated in an
(ideally) unbiased manner with minimum variance. Both beam-
forming [1][2] and matched field processing (MFP) [3] are exam-
ples of this approach. The maximum likelihood estimator for this
problem and Cramer-Rao lower bound (CRLB) on the variance
of the source location were derived in [4]. Subsequent investiga-
tions found that the height of the sidelobes in the ambiguity plane
rather than the sharpness of the mainlobe limited the performance
of MFP for the low SNR typical for underwater SL. The CRLB
is based on the local curvature of the probability density function
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(pdf) as a function of source location, and thus may incompletely
represent the factors limiting performance in these low SNR sce-
narios.

Information theory provides an alternative perspective on the
problem. Consider dividing the search space of possible source lo-
cations into a grid of̀ = 1, 2, . . . , L cells as shown in Fig. 1. The
source may be anywhere within a range interval ofR and a depth
interval ofZ. In many practical scenarios, it is sufficient to locate
the source within a grid cell of width∆r and to classify it as a
surface or submerged source depending on whether it is shallower
or deeper than some depthz0. Rough nominal values for a typi-
cal shallow water problem might beR = 10 km, ∆r = 200–300
m, z0 = 20 m, andZ = 100 m. The grid covering this interval
would have at most 100 cells, and if all cells are equally likely, the
source location will take at mostlog2(100) ≈ 6.6 bits to describe.
From this perspective, the SL problem can be thought of as com-
munication problem in which the source (unwillingly) transmits a
message which is the pressure field propagating through the un-
derwater channel. The content of this message is which grid cell
contained the source, and the message is received as pressure ob-
servations at a hydrophone array. The goal of the SL algorithm
is to receive this message based on the pressure observations at
the array with the minimum probability of error, i.e., the minimum
probability of choosing an incorrect grid cell for the source loca-
tion. In MFP terms, this can be thought of as minimizing the prob-
ability of incorrectly choosing a sidelobe over the true mainlobe in
the ambiguity plane.

The subsequent sections of this paper develop this approach
more fully. Sec. 2 outlines an information theoretic model for the
SL problem. Sec. 3 applies the Gaussian channel model to bound
the mutual information between the source location and the noisy
observations, and evaluates this bound for common noise mod-
els. Sec. 4 describes a simple scalar example containing several

6

?
� -

� -

z0

∆r

R

Z

Surface

Bottom

` = 1

` = 2

` = 3

` = 4

. . .

. . .

. . .

` = L
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features of the underwater acoustic problem and illustrating why
the information theory approach may be more appropriate than the
CRLB for these scenarios. Sec. 5 calculates the information theo-
retic bound for a typical shallow water problem, and presents re-
sults from Monte Carlo simulations in this environment. Sec. 6
summarizes the advantages and disadvantages of the information
theory approach in comparison to the CRLB.

2. SOURCE LOCALIZATION MODEL

Figure 2 shows a general model for the source localization prob-
lem. The unknown source location is vector random variablew,
here the range and depth of the source. The vectorx(w) consists
of the complex demodulated baseband pressures at the hydrophone
locations for a source of unit amplitude at locationw. In under-
water acoustics terms, the pressurex(w) is a vector of the Green’s
functions from the source locationw to each sensor in the array,
evaluated at the frequencyf . The observed data isy = x + n,
wheren is the complex baseband noise vector at the sensors. The
SL algorithm computes an estimatêw = g(y). The estimator of-
ten incorporates information about the environment in the form of
an acoustic propagation model.

As shown in Fig. 1, the set of possible source locations is par-
titioned into` = 1, . . . , L grid cells. In order to describe which
grid cell contains the source, we need at leastH(`) bits of in-
formation, whereH(`) is the information entropy of the random
variable` [5]. The source channel coding theorem indicates that
in order to estimatè with arbitrarily small positive (ASP) proba-
bility of errorPe, the mutual informationI(w, ŵ) must be greater
than or equal toH(`). Because the source channel coding theo-
rem is an asymptotic result, receiving` with ASPPe may require
block processing of a large number of messages, i.e., observing a
long sequence of single sources then localizing all of them at once
in batch mode. IfI(w, ŵ) ≥ H(`), it is not certain that̀ can be
received with ASPPe, but rather that some partitioning ofw with
entropy equal toH(`) exists that can be sent with ASPPe. This
partitioning may not be contiguous and equally spaced as shown
in Fig. 1. However, ifI(w, ŵ) < H(`), it can be shown thatPe
is bounded away from zero [6].

Note that this scenario differs from a typical communication
problem in that the user cannot completely design the code map-
ping fromw to x. The acoustics of the environment and the choice
of sensor locations for the array fix the coding used to representw
at the sensors. All messages, i.e., source locationsw, may not be
represented by equal power code words.

The mutual informationI(w, ŵ) is difficult to compute ex-
actly. The Data Processing Theorem (DPT) [5] allows us to put
an upper bound on the mutual information between the source lo-
cation and our estimate of it. The DPT demonstrates that for a
Markov chainA ↔ B ↔ C, whereA andC are condition-
ally independent givenB, I(A,C) ≤ I(A,B), andI(A,C) ≤
I(B,C). If C is a deterministic function ofB, then the require-

ments of a Markov chain are satisfied. Applying this result to our
model produces

I(w, ŵ) ≤ I(w,y), (1)

I(w,y) ≤ I(x,y). (2)

Inequality (1) results because the location estimateŵ is a deter-
ministic function of the observed datay. The pressure signalx is
a deterministic function of the locationw, yielding Inequality (2).
Combined, these inequalities indicate thatI(x,y) ≥ I(w, ŵ),
the mutual information between the pressure data and the noisy
observations provides an upper bound on the mutual information
between the true and estimated source location. Thus,I(x,y) ≥
H(`) is a necessary condition to haveI(w, ŵ) ≥ H(`).

For a given environment, array geometry, and distribution of
source locations, it is possible to boundI(x,y). The earlier com-
ments aboutI(w, ŵ) also apply toI(x,y). Specifically,I(x,y) ≥
H(`) is a necessary condition for locating the source in the cor-
rect grid cell ` with ASP Pe. Because this is a necessary but
not sufficient condition, even ifI(x,y) ≥ H(`), it is not guar-
anteed that ASPPe can be achieved for the desired grid, but if
I(x,y) < H(`), it is guaranteed that ASPPe is unachievable.

Conversely, given an upper bound onI(x,y) for a specific
channel, array and source location probability density function
(pdf) p(w), it is possible to determine the largest number of grid
cells with equal∆r which could be used to partition the search
space while asymptotically achieving ASPPe. Consider the grid
shown in Fig. 1. Assume in the absence of outside information that
that all ranges are equally likely, that the depth cells have proba-
bilities psurf andpsub for surface and submerged sources respec-
tively, and that the range and depth probabilities are independent.
LetHz = H(psurf , psub) be the entropy of the depth pdf. Solving
the necessary conditionI(x,y) ≥ H(`) under these assumptions
yields a lower bound

∆r ≥ R · 2Hz−I(x,y). (3)

Note that the∆r from this equation may not be achievable, but
that any grid with a smaller∆r is guaranteed to havePe bounded
away from 0.

3. GAUSSIAN CHANNEL UPPER BOUND

It is not possible in general to write closed form analytic expres-
sions for the pdf’s of the pressure vectorx and noisy observa-
tions y. Thus it is usually not possible to calculateI(x,y) ex-
actly. However,I(x,y) may be bounded from above using two
common results from information theory. First, a Gaussian pdf
maximizes the differential entropyh(x) possible for any pdfp(x)
with a given covarianceKxx = E

(
xxT

)
− E (x)E (x) T [5].

This is the foundation for the second result: for any additive chan-
nel with independent zero-mean Gaussian noise with covariance
Knn, the mutual informationI(x,y) ≤ 0.5 log2(|Kyy|/|Knn|),
where| · | represents the determinant of a matrix [5]. This result
holds whenx,y, andn are real random variables. It is straightfor-
ward to show the bound becomesI(x,y) ≤ log2(|Kyy|/|Knn|)
for complex random variables as in the current problem. This is
intuitively reasonable because with independent real and imagi-
nary components the channel can carry twice as much information
. Equality is achieved in this bound if and only if the real and imag-
inary parts ofx are independent Gaussians with equal covariances.



Additional insight may be gained by considering this bound
for two common noise models in underwater acoustics. LetKxx =
VxΛxVx

H, where(·)H denotes the Hermitian (conjugate trans-
pose) operator, be the eigenvalue/eigenvector decomposition for
the signal covarianceKxx. In a practical problem,Λx will have
M significant eigenvaluesλx1, . . . , λxM corresponding to the de-
grees of freedom in the acoustic channel. In a typical shallow wa-
ter environment, this will be the number of trapped propagating
modes.

The spatially white (SW) noise model assumes thatKnn =
σ2

nI, with the real and imaginary parts ofn being independent,
zero-mean Gaussian random variables with equal variancesσ2

n/2.
Under these assumptions, the Gaussian channel upper bound on
I(x,y) reduces to

I(x,y) ≤
M∑
m=1

log2

(
1 +

λxm

σ2
n

)
. (4)

The Kuperman-Ingenito (KI) noise model [7] proposes that
surface-generated noise is spatially structured. For vertical arrays
in shallow water, the KI noise covariance reduces to the form
Knn = ΨΛnΨH, whereΨ is the matrix of the trapped mode
profiles sampled at the array hydrophone depths. In this model,
the noise propagating in each mode is independent of the other
modes. Since bothx andn are propagating in the space spanned
by the modes, i.e., span(Ψ), Vx forms an orthogonal basis for both
the signal and noise subspaces in this model. IfR is much larger
than all of the intermodal interference distances in the channel, the
modes in the signal model are essentially uncorrelated. Conse-
quently, the same basisVx decorrelates bothKxx andKnn, and
the bound on theI(x,y) reduces to

I(x,y) ≤
M∑
m=1

log2

(
1 +

λxm

λnm

)
(5)

This result differs from the SW model in that the denominator is
now the noise power in each mode, rather thanσ2

n.

4. A SIMPLE MOTIVATING EXAMPLE

This section presents a comparison of the CRLB with the informa-
tion theoretic bound derived in the previous sections for a simple
scalar problem. The scalar estimation problem is

y = ej2πma + n,

wherea is uniformly distributed on the interval[0, 1), m is an in-
teger andn is a complex Gaussian random variable with variance
σ2
n. This simplified scalar problem still contains an important fea-

ture of the shallow water array SL problem: the observationsy are
a nonlinear, periodic (or quasi-periodic) function of the desired pa-
rametera. The periodicity causes ambiguity in determininga from
y which dominates the effect ofn on estimator performance. Con-
sequently, the CRLB will be loose, and will provide misleading
conclusions about the impact of changingm or σ2

n on the mean
squared error (MSE). The information theoretic bound will cor-
rectly predict that performance will be independent ofm.

Using the formulation from [8], the Fisher information from
the observed data is

JD = −Ey
{
∂2

∂a2
ln p(y|a)

}
=

2m2

σ2
n

. (6)

If a were an unknown deterministic parameter, the CRLB would
beσ2

n/(2m
2). The a priori distribution on a randoma can only

increase the Fisher information, and thus the performance bound
on the MSE for the random parameter case must be less than or
equal to the CRLB for the related deterministic parameter prob-
lem. Since the CRLB decreases monotonically to zero asm in-
creases, the bound on the MSE must also go to zero asm in-
creases. If this bound is tight, the MSE should decrease as1/m2

asm increases. To find the information theoretic bound, it can
be shown thatσ2

y = 1 + σ2
n, and thusI(a, y) ≤ log(σ2

y/σ
2
n) =

log(1 + 1/σ2
n). For a givenσ2

n, â should be able to be assigned to
one of2I(a,y) = 1 + 1/σ2

n partitions of[0, 1) with ASPPe in the
asymptotic limit if the partitions are properly chosen. Note that the
number of partitions is independent ofm.

The ML estimator for this problem iŝa = tan−1 y [9]. When
several values ofa had equal likelihood, the estimator chose ran-
domly among the candidatêa’s maximizingp(y|a). Monte Carlo
simulations were run evaluating the behavior of the ML estimator
under both the MSE andPe performance metrics. Each simula-
tion ran106 trials for given values ofm andσ2

n. Table 1 presents
the results for a suite of simulations holdingσ2

n fixed at 1/3 while
varyingm = 1, 2, 4, 8. Thisσ2

n givesI = 2 bits, and thus a maxi-
mum of 4 equal-width partitions on[0, 1). The performance under
two different partitioning schemes is compared. The first,Pe,c, is
for the contiguous partitioning[`/4, (` + 1)/4) for ` = 0, 1, 2, 3.
This is the scalar analog of the contiguous grid partition shown in
Fig. 1 that would be desired in SL. This performance is contrasted
with the probability of errorPe,nc for a noncontiguous partitioning
such that thèth partition is

m−1⋃
k=0

[
`

2m+1
+

k

2m−1
,
`+ 1

2m+1
+

k

2m−1

)
,

for ` = 0, 1, 2, 3. This second partition is chosen such that am-
biguous multiple peaks of the likelihood function form ≥ 2 will
fall within the same cell. Note that fora uniformly distributed on
[0, 1), both partitions have equal entropy.

The simulations show that the MSE increases with increasing
m, rather than decreasing as the CRLB does. Thus, for this peri-
odic mapping froma to y, the CRLB is not tight. In fact, asm
increases the CRLB becomes more loose. The contiguous parti-
tion shows that althoughI = 2 for all m, Pe,c also increases with
increasingm. This result illustrates thatI = 2 is a necessary but
not sufficient condition to achieve the desired performance with
the contiguous partition. Thus, the four contiguous partitions do
not achieve the desired performance, but any equal-width partition
with cells less than 0.25 wide is guaranteed not to achieve ASP
Pe. The more complicated noncontiguous partition designed by
exploiting the signal model demonstrates performancePe,nc that
is independent ofm. Thus, the desired contiguous partition does
not achieve good performance, but another partition with equal en-
tropy does.

The second set of Monte Carlo simulations on this model hold
m = 4 fixed while varyingσ2

n for different SNRs. Table 2 reports
that the MSE was generally insensitive to increasing SNR, even
though the CRLB decreased (based on increasingJD in Eq. 6.) In
fact, the MSE was dominated by errors due to choosing the incor-
rect value of̂a among several candidates that maximized the likeli-
hood function, and not by the local impact of the observation noise
characterized byσ2

n. The four-celled partitions used in the first set
of simulations were also used to calculatePe,c andPe,nc for this



set. The desired contiguous partition demonstrated uniformly poor
performance inPe,c across SNR, again demonstrating that having
two or more bits of mutual information is a necessary, not suffi-
cient condition, for ASPPe. The partition matched to the signal
model does showPe,nc decreasing as SNR increases. For appro-
priately chosen cell boundaries, it is less probable that the noise
will perturb the observations across a cell boundary as the noise
power decreases. For both the MSE andPe,c cases, the errors are
dominated by choosing sidelobes over the correct mainlobe.

5. SHALLOW WATER EXAMPLES

This section applies the results of Sec. 3 to the typical shallow
water environment shown in Fig. 3. This downwardly refracting
soundspeed with a thermocline at20 m in depth based on measure-
ments taken in Vineyard Sound, Massachusetts (41◦ 07’ N, 71◦

02’ W) on 23 August 1993. The bottom is an infinite fluid halfs-
pace with soundspeedcb = 1770 m/s and densityρb = 1.8 g/cm3.
The source is assumed to be transmitting at 100 Hz with unknown
phase. Seven modes are trapped in this environment at 100 Hz.
There are 33 hydrophones in a vertical line array equally spaced
from 3 m to 99 m in depth. All source positions between 5 and 15
km in range are equiprobable, and surface and submerged sources
are equally likely. The threshold separating surface from sub-
merged sources isz0 = 20 m. Lastly, the source is assumed to
have a known amplitude. This last assumption is not realistic, but
allows application of the Gaussian channel model. It is also in
keeping with the spirit of this simulation, which is to examine a
best-case scenario for the SL problem, with an extensive array, ex-
act environmental knowledge, and correct assumptions about the
source location pdf.

The best-case range resolution achievable in this environment
is computed using the bound developed in this paper. Pressure vec-
torsx were calculated every 2 m in range and every 2 m in depth
over the search range using the numerical underwater acoustic sim-
ulation program OASES [10]. The same program calculated the
noise covarianceKnn. All pressure vectors were rotated such that
the first elementx1 was real. The resulting ensemble contains no
information about the source location in absolute phase, but only
in the relative phases between the signals at different hydrophone.
This models the unknown phase of the source. The sample covari-
anceKxx = Ew

(
x(w)x(w)H

)
−Ew (x(w))Ew (x(w)) H was

estimated, whereEw denotes expectation over all possible source
locationsw.

Fig. 4 shows the best-case range resolution for a stationary,
100 Hz source in this scenario. The horizontal axis shows the av-
erage SNR= 10 log10(trace(Kxx)/trace(Knn)) over the search
space and the vertical axis plots the resulting best-case∆r for an
equally spaced range grid from Eq. (3). For a given desired range
resolution, this graph provides the minimum SNR necessary to
achieve such resolution. The KI noise model produces a tighter
resolution bound for SNR less than roughly -3 dB, above which
the SW noise model gives a tighter bound. The SW noise model
requires a minimum average SNR of about -6.1 dB to achieve a
nominal∆r of 250 m, while the KI noise model requires a mini-
mum SNR of -7.1 dB.

Monte Carlo simulations of103 trials each were run at SNRs
of 0, 3, 6 and 12 dB for this environment. Each simulation used
MVDR MFP [3] to estimate the source location from the data.
The inverse covariance matrix was estimated from 40 independent
snapshots generated using the spatially structured noise covariance

Knn calculated for the environment by OASES. Surface and sub-
merged sources were equally likely, and each source range was
equally likely. There was no environmental or sensor location mis-
match. The CRLB for this environment would be difficult to cal-
culate, and would likely demonstrate strong positional dependence
like those presented in [4]. Table 3 presents the range and depth
MSEs for each simulation. The true and estimated source locations
were assigned to a 64 cell grid of the form shown in Fig. 1, with
∆r = 325 m andz0 = 20 m. The resulting error probabilities are
given asPe,c in Table 3. Fig. 4 shows clearly that all four SNRs
simulated exceed the minimum threshold necessary for∆r = 325
m. Again, the high values ofPe in Table 3 indicate that satisfying
the necessary conditions on the SNR do not guarantee adequate
performance on the desired partition. The noncontiguous partition
used to computePe,nc in Table 3 assigns source locations to cells
based on the relative phases between modes 2, 3, and 4 with mode
1. This ad hoc approach is not necessarily optimal, but is based on
intuition about how the pressure field is encoding position infor-
mation. The resultingPe,nc is less than forPe,c for all four SNRs
examined.

6. CONCLUSION

This paper presents an alternative approach to bounding perfor-
mance in the underwater source localization problem, shifting the
focus from the CRLB to an information theory perspective. This
new perspective provides best case performance bounds for a given
environment, array geometry and source location pdf. The advan-
tages of the new approach include algorithm independence. It is
valid for biased or unbiased estimators, and is not tied to a specific
estimator such as beamforming or MFP. Additionally, it is opera-
tionally motivated in its gridding of the search space, and it pro-
vides a more appropriate framework for evaluating the impact of
sidelobes in low SNR scenarios. Lastly, it is more straightforward
to compute than the CRLB since it does not require implementing
numerical derivatives for underwater acoustic environments.

The disadvantages of this approach include that it provides
only necessary and not sufficient conditions for achieving the de-
sired performance. It does not provide a method to construct parti-
tions achieving desired performance. Second, the bounds obtained
are asymptotic and not generally achievable with realistic process-
ing latency. Third, the source level is unrealistically assumed to be
known.

There are reasons to expect that practical SL scenarios may
achieve better performance than shown. Specifically, it may be
possible to exploit source motion and multiple frequency compo-
nents to obtain additional information about the source location,
and thus better performance.

The author thanks Doug Abraham, Kristine Bell, Steve Greineder,
Jim Preisig, Andy Singer, Ryuji Suzuki, John Tague, and Kathleen
Wage for helpful discussions of this work.
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